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A. RELATED METHODS BASED ON BINARY SEGMENTATION

Binary segmentation (Vostrikova, 1981) works by first finding the best split 5, 7 in all data and if
|T(0,71(3(0,7)| is above a predefined threshold, then searches for other split points on the left and right
segments (0, 5(o,7] and (89,77, T]. The same iterative search is continued as long as the gains are still
above the predefined threshold and there is a sufficient number of observations in the resulting segments.

The wild binary segmentation method (Fryzlewicz, 2014) and the narrowest over threshold method
(Baranowski et al., 2019) both generate M random intervals I,, = (€, 7], m = 1,..., M, where the
start and end points are drawn independently, uniformly and with replacement from {0, 1, ..., T}, possi-
bly subject to some minimal length constraint to be able to evaluate the chosen test statistic. One deter-
mines candidate splits and corresponding maximal gains for each of the random intervals via the CUSUM
statistics (or some other statistic suitable to the change point problem at hand). The two methods are
slightly different beyond this point, in terms of the way the final change point estimates are selected.

Wild binary segmentation orders the candidates according to the respective maximal gains (i.e. values
of the test statistic) and selects greedily, i.e. the split point with highest value is the first change point
estimate. Then all intervals are eliminated from the list which contain this particular change point. From
the remaining candidates, once again the one with maximal gain is selected, followed by the elimination
of all intervals that contain this second one. The procedure is repeated as long as the split with highest
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gain remains above a certain predefined threshold. A suitable threshold can be derived from asymptotic
theory for example. Out of several possible segmentations corresponding to different thresholds, one can
also select the one optimising a chosen information criterion (e.g. proposed by Zhang & Siegmund, 2007).

The narrowest over threshold method selects change points amongst the candidates that have a maxi-
mal gain above a predefined threshold. Of these candidates, the one having the shortest (i.e. narrowest)
background interval is selected first. Then all intervals that contain this first estimate are eliminated and
repeatedly from the left over ones above the predefined threshold the next one with the currently shortest
background is selected. This then continues as long as no more maximal gain is above the predefined
threshold. It is also possible to repeat this procedure with differing thresholds and then take the one op-
timising some information criterion. Note that the narrowest over threshold way of selecting the final
estimates makes this applicable in more general scenarios, where the model is e.g. piecewise linear.

Elimination of the intervals in each step is necessary for both methods in order to avoid detecting
the same change point at slightly different locations for several different background intervals. The two
methods allow for detection in a larger class of signals compared to binary segmentation. The intuition
behind this is that some of the random intervals will contain only a single change point sufficiently well
separated from the boundaries and thus serve as good local backgrounds in which change points are easily
detectable. By way of comparison, binary segmentation performs particularly badly in the presence of
multiple change points, if the underlying signal exhibits up and down jumps cancelling each other (see
Example 1 and Fig. 1 in the main paper).

The main drawback of wild binary segmentation and the narrowest over threshold method is the in-
creased computational cost. This grows linearly with the total length of random intervals used. Note that
random intervals have an expected length of O(T'). In scenarios with some short spacings between change
points, e.g. in frequent change point scenarios, one should draw a higher number of random intervals in
order to ensure that there are still sufficiently many intervals with a single change point in them. In the
worst case, when drawing essentially all possible intervals, the complexity is cubic, which is clearly not
satisfactory for large scale change point detection problems. It is also an issue that one might not know
how many change points to expect and thus how many intervals to draw. Fryzlewicz (2020a) summarises
these issues as the lack of computational adaptivity of wild binary segmentation and proposes a modifi-
cation, called wild binary segmentation 2, which is a hybrid of wild and classical binary segmentation in
the following sense. In order to speed up, he suggests drawing a smaller number M’ << M of random
intervals, localising the first candidate greedily, and in the resulting left and right segments draw M’ ran-
dom intervals again, localise again, and repeat iteratively. From the resulting preliminary list of candidates
the final estimates are again determined based on certain maximal gains. However, this proposal is fairly
specific to the univariate Gaussian setup and might fail when adapting to high-dimensional or other more
complicated scenarios such as a model that is piecewise linear. We refer to our discussion in Kovics et al.
(2020a) for a comparison between wild binary segmentation 2 and our seeded binary segmentation. An
interesting two-stage procedure also targeting computational issues for the univariate Gaussian case was
proposed by Lu et al. (2017). They obtain pilot estimates of change points on a sparse subsample and then
refine these estimates in a second step in the respective neighbourhoods using dense sampling. This can
reduce the computational cost to sub-linear, and is thus useful for extremely long time series. However,
note that computational issues in high-dimensional setups primarily arise from the fact that data sets are
too ‘wide’ and not because of their being ‘long’. Moreover, there is a price to pay in terms of detectable
changes using this procedure, namely, being statistically suboptimal.

B. COMPUTATIONAL COSTS
B.1. Time benchmarking

We consider an example without any change points for the purpose of time benchmarking:

Example B.1. Let X1,..., X7 ~ N(0, 1) be independent observations.
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Fig. B.1: Computational times for Example B.1. For seeded binary segmentation, the narrowest over
threshold solution path (SeedBS-NS (R)) is implemented in R, the other variants have a faster For-
tran based implementation. The minimal segment lengths m used are indicated in the legend and
the decay a =1/ 21/2 was fixed. Wild binary segmentation (WBS) and the narrowest over threshold
method (NOT) use M1 = 5000, M2 = 5000(7/2000), M3 = 5000(7T/2000)* random intervals.
Other methods shown are binary segmentation (BS); pruned exact linear time (PELT); functional
pruning optimal partitioning (FPOP); simultaneous multiscale change point estimator (SMUCE);
isolate-detect (IDetect) methods. The thin dashed grey, brown and green lines indicate computational
times with scaling O(T"), O(T?) and O(T?), respectively. Note the logarithmic scales.

As seen on the top two plots (A and B) of Fig. B.1, seeded binary segmentation combined with any
greedy (GT and GS) or narrowest over threshold (NT and NS) type selection seems to scale near-linearly.
For GT, NT and GS this confirms Theorem 1. For the narrowest over threshold selection even similar
thresholds sometimes lead to solutions differing both with respect to number and location of the change
point estimates. This makes a tight theoretical analysis of computational cost for the solution path based
variant (NS) difficult. However, in practice, close-by thresholds typically produce very similar models,
and this can be exploited for faster solution path algorithms rather than naively computing from scratch
for each threshold. Some useful tools for this are described in Section G, in particular Remark 2. In the
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implementation of the narrowest over threshold selection with full solution path (NS) shown in plot A,
we reuse parts of previous segmentations when updating the solution from one threshold to the next. This
approach seems to scale near-linearly as well, albeit with a much higher constant, given that the current
implementation of this is in R rather than Fortran as for GT, GS and NT. The computational times for wild
binary segmentation and the narrowest over threshold method depend on the chosen number of random
intervals and might scale cubic if the number of random intervals is of quadratic order. Plot C in Fig. B.1
compares seeded binary segmentation with full greedy solution path with the fastest competitors, namely,
plain binary segmentation and the functional pruning optimal partitioning method. In this example, if the
minimal segment length is above 5, then for the default decay of a = 1/ 272, our Fortran based imple-
mentation is even somewhat faster than functional pruning. Last, but not least, plot D in Fig. B.1 shows
that many other competitors, e.g. the pruned exact linear time method (PELT, Killick et al., 2012); the
simultaneous multiscale change point estimator (SMUCE, Frick et al., 2014) and the isolate-detect (IDe-
tect, Anastasiou & Fryzlewicz, 2022) method all can have quadratic run time. Scenarios with quadratic
run time are also possible for the functional pruning optimal partitioning method (FPOP, Maidstone et al.,
2017) and binary segmentation (BS), however, these scenarios are rather special (see Section B.3).

B.2. Options for speedups

As shown in plot C of Fig. B.1, limiting the minimal segment length can lead to speedups, but care
needs to be taken not to choose a value which is too large, otherwise estimation performance could suffer.
Naturally, the decay parameter a also has an influence. Here, we recommend choosing at leasta = 1/ 21/2,
From a practical perspective, thresholds x = C' logl/ 2T are of interest for some suitable constant C'. Thus,
even for the full solution path based variants (GS and NS), one could stop computing segmentations for
thresholds that are even smaller than this. In our implementation, one can provide such a threshold to stop
at instead of investigating all possible thresholds. This leads to even faster computations for solution path
variants (GS and NS) than the ones reported in Fig. B.1. Last, but not least, computations in parallel could
be implemented easily for the calculation of the test statistic in the various search intervals, and also for
certain selection criteria.

B.3.  Worst case computational complexities of competitors

Wild binary segmentation and the narrowest over threshold method can have cubic cost, while the
following methods can all have a quadratic computational cost: functional pruning optimal partitioning
(for staircase-like signals); binary segmentation (for teeth-like signals, see Example 1 in the rightmost
panel of Fig. 1 in the main paper); the isolate-detect method as well as the pruned exact linear time
method (in the presence of few change points only as in Example 2 in the main paper or Example B.1
above); or the simultaneous multiscale change point estimator (e.g. Example B.1).

C. DETAILS OF STATISTICAL THEORY

Seeded intervals not only accelerate the computation, but also simplify the statistical analysis compared
to random intervals. Consistency results for seeded binary segmentation depend on the assumed model as
well as the selection method. As an illustration, we consider again the Gaussian change in mean model for
which wild binary segmentation (Fryzlewicz, 2014) and the narrowest over threshold method (Baranowski
et al., 2019) were claimed to be minimax optimal. The proof of the former, however, seems to contain
errors, e.2., some bounds for the single change point case were wrongly applied to the multiple change
point cases. This has been also noted by Wang et al. (2020) in the (sub)Gaussian setup. Contrary to what
is claimed by Fryzlewicz (2014), the greedy selection utilised in wild binary segmentation only leads to
optimal detection with additional assumptions on the generated intervals or slight modifications of the
selection method itself. Otherwise consistency seems only achievable for a smaller class of signals than
claimed originally. This is also confirmed by Fryzlewicz (2020b, page 1100), the inventor of wild binary
segmentation. Note that wild binary segmentation 2 of Fryzlewicz (2020a) would suffer similarly, as the
steepest drop to low levels selection utilised therein is also a certain greedy selection method.
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Albeit in a nonparametric setup, Padilla et al. (2021) mention the errors of the original proofs of Fry-
zlewicz (2014) as well, along some discussion on an additional assumption that they impose under which
nearly optimal results can be attained, see their second remark after Theorem 2. However, their assump-
tion is a restriction on the generated search intervals requiring knowledge of the minimal segment lengths.
Depending on the data under investigation, such background knowledge may or may not be a realistic
assumption.

However, the examples we are aware of in which greedy selection could fail are rather special and its
empirical performance is often at least as good as e.g. the narrowest over threshold method (see Sec-
tion E). Some of its other advantages in practice are easy applicability and implementation in various
scenarios, that segmentations are nested and stable across thresholds and fast computations is guaranteed.
As seeded binary segmentation would suffer similarly if the greedy selection method is chosen, we show
the strong consistency using the narrowest over threshold selection method (Baranowski et al., 2019) as
an illustration. The following two theorems are more precise versions of Theorem 2 in the main paper.

THEOREM C.1. Assume model (1) from the main paper and let 6, = min,—;, . n&; with 0; =
|frit1 — fouls and X = min;—q . N |41 — 13| with o = 0 and nn 41 = T. Assume also that

62X > Colog T for some constant Cy. (D

Let N and m < -+ < flg denote respectively the number and locations of estimated change points by
seeded binary segmentation with the narrowest over threshold as the selection method. Then there exist
constants Cy, Cs, independent of T' and the decay a for seeded intervals, such that, given the threshold
for the selection method k = C1 logl/ i ,as T — oo,

pr{NzN, iI{laxN5i2|ﬁi—m§CglogT}—>1. 2)

The signal f, as well as §;, d, and )\, are allowed to depend on 7. The assumption for detection in (1)
and the localisation rates §; 2 log T in (2) are minimax optimal up to constants (see e.g. Chan & Walther,
2013; Frick et al., 2014; Chan & Chen, 2017; Li et al., 2019; Verzelen et al., 2020; Wang et al., 2020).
That is, no method can detect all N change points with weaker condition than (1), and no method can
achieve a better rate than J; 2log T, in the asymptotic sense. It is worth noting that the minimax optimal
consistency rates here can also be achieved by dynamic programming based segmentation methods, as
briefly discussed in the Introduction of the main paper, see e.g. Lebarbier (2005), Boysen et al. (2009), Du
et al. (2016), Garreau & Arlot (2018), Li et al. (2019), Zheng et al. (2022), Wang et al. (2020), Verzelen
et al. (2020) for further references.

The consistency of seeded binary segmentation can be further established using a certain data adaptive
selection rule, i.e., the strengthened Schwarz information criterion, to choose the threshold leading to the
best segmentation available in the solution path.

THEOREM C.2. Assume notation from Theorem C.1, and that A > loge0 T,and N, 65, j=1,...,N
lie in (c1, ca) for some constants 6y > 1 and 0 < ¢1 < ¢y < co. Assume further that N, the number of
change points, does not increase with T. Let N and m < --- <mng be respectively the number and lo-
cations of estimated change points by seeded binary segmentation with the narrowest over threshold, the
threshold of which is determined by the strengthened Schwarz information criterion using 0 € (1,0o).
Then there is a constant C independent of T and the decay a for seeded intervals such that, as T — oo,

.....

In a nutshell, seeded binary segmentation combined with the narrowest over threshold selection has the
same statistical guarantee as the original narrowest over threshold method of Baranowski et al. (2019),
but requires far less computation. The worst case computational complexity is nearly linear for a single
threshold based selection, see Theorem 1, part 2) and the full solution path also seems to scale nearly
linear empirically, see Fig. B.1.
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Remark 1. Assume that the minimal segment length A = min;—q ... n |7i+1 — 7;| is a priori known to
be > O(T7), for some v € [0, 1). Note that this is always the case for v = 0. Then it is sufficient to con-
struct seeded intervals up to scale O(T"), i.e., remove all seeded intervals that are of length < O(T"7).
This modification of seeded intervals has no impact on the statistical performance, namely, the guarantees
formulated in Theorems C.1 and C.2 (i.e., Theorem 2) remain valid. The worst case computational com-
plexity is still of order T"log T', as in Theorem 1, but the leading constant becomes smaller, thus, leading to
a faster run time in practice. In particular, for larger values of +, there are much fewer generated intervals
than the worst case O(T) for v = 0 and thus selection procedures can be significantly faster. Moreover,
reducing the number of intervals allows the construction of methods with a sub-linear number of evalua-
tions of the gain functions that is particularly appealing e.g. in certain high-dimensional problems where
each evaluation involves fitting costly models. Specifically, Kovacs et al. (2020b) proposed adaptive and
fast optimistic search strategies, replacing the traditional full grid search that evaluates gains at all possi-
ble split points by an optimistic search that requires only a logarithmic number of evaluations of the gain
function by looking at only a logarithmic number of split points. Kovécs et al. (2020b) applied optimistic
search within seeded intervals, calling this variant the optimistic seeded binary segmentation method, and
showed very strong statistical guarantees while requiring sub-linear total number of evaluations as long
asy > 0.

D. AN EXAMPLE OF SEEDED DYNAMIC PROGRAMMING: FAST APPROXIMATIONS OF OPTIMAL
PARTITIONS BY COMBINING SEEDED INTERVALS AND DYNAMIC PROGRAMMING

Consider the problem of finding the best segmentations of a time series according to a certain loss func-
tion into exactly 1,..., K., pieces. In the univariate Gaussian setting with constant variance, as used
throughout this paper, as an example, one would minimize the sum of squared errors. Various dynamic
programming algorithms (Auger & Lawrence, 1989; Rigaill, 2015) have been developed to solve this task.
The well-known segment neighbourhood algorithm (Auger & Lawrence, 1989) computes a path of these
1,..., K4, partitions in O(KmaxTQ) time for a time series of length 7". One of course needs to have
prior knowledge to be sure that the true number of change points N is less than K., otherwise there
is no chance of finding all change points. Assume now that an oracle says that out of the 7' — 1 possible
locations, the change points can be located only at a smaller subset of ' < 7' — 1 locations. Armed with
such additional information, one could restrict the segment neighbourhood algorithm to work only with
these candidates. The solution could be computed in O(K,y,q. K 24 T') time. The second term comes from
the fact that one still needs to go once over the whole time series to compute necessary costs, e.g. sum of
squared errors, in segments between the K candidate change point locations. In general N < K4, < K.
In the best case K = N = K44, i.€., one is essentially told the correct number and location of change
points. Then restricting the segment neighbourhood algorithm to these K candidates is much faster than
searching through all 7" — 1 possible split points. For example, one could obtain a solution path with
linear complexity O(T') as long as the number of change points is of a smaller order than the cube root
of T'. Note that this does not imply anything about their minimal spacing. In the worst case K =T — 1,
one is back to the original segment neighbourhood algorithm with O(K,,,,T?) computational cost. The
latter implies, that in the presence of many change points, e.g. in frequent change point scenarios, this
algorithm cannot improve much on the original computational times. However, in such frequent change
point scenarios, the desire is probably not to provide a full solution path anyway.

In practice there is no oracle telling the exact change point locations, but K split points that have the
highest corresponding gain values in various seeded intervals can be used to form a promising set of
candidates. While having no guarantee any longer for finding exactly the optimal segmentations in the
solution path, the hope is that one can still have fairly good approximations given that seeded intervals
cover all change points well and those intervals that cover single change points should have high corre-
sponding maximal gains as long as the jump is reasonably large. Note that all change points are covered
by at most O(logT) seeded intervals, hence, K can be chosen as having the order of roughly N logT.
In practice this can be even closer to N, as often the best split point candidates in various overlapping



Supplementary materials for Seeded Binary Segmentation 7

background intervals are identical. Given the additionally needed evaluation of the gains in seeded inter-
vals, the overall cost of the above described algorithm would be O(K,,0. K2 + T + TlogT). We call
this combination of selecting candidates from seeded intervals followed by the segment neighbourhood
algorithm restricted to this selected set of candidates as the seeded segment neighbourhood algorithm. In
principal, other dynamic programming algorithms (see e.g. Killick et al. (2012); Rigaill (2015); Maid-
stone et al. (2017) and references therein) could be explored too, thus forming the set of seeded dynamic
programming algorithms. For example, rather than finding a solution path, one could also consider the
problem of penalized costs. Note that Rigaill (2015) described a dynamic programming algorithm based
on functional pruning that also significantly improves computational times compared to segment neigh-
bourhood in practice. However, that algorithm currently works only for a unidimensional parameter and
hence its applicability is restricted. As a comparison, the seeded segment neighbourhood algorithm would
be more flexible, it merely needs a different gain function for finding the candidates in seeded intervals.

Table 1: Simulation results for best segmentations and their approximations

best partitioning found with the following number of change points
signal T N/K  meas 4 5 6 7 9 10 11 12
blocks 2048 11/33 avHD 0.13 0.68 1.16 0.68 1.50 238 14.61* 61.99
blocks 2048 11/33 %HD 96 90 92 86 84 82 69 * 26
blocks 2048 11/55 avHD 0.13 055 1.16 0.60 1.04 .12 5.89* 3523

blocks 2048 11/55 %HD 96 91 92 88 86 86 80 * 52
fms 497 6/18 avHD 038 0.74 0.69* 23.14 4540 5323 58.17 62.83
fms 497 6/18 %HD 94 90 88 * 48 17 8 2 1
fms 497 6/30 avHD 0.15 043 039* 13.12 1832 2505 2857 3935
fms 497 6/30 %HD 96 93 92 * 70 48 42 28 19

T, number of observations for the signal; N, number of true change points; K, number of top candidates
taken from seeded intervals; meas, measure; avHD, average Hausdorff distance over 100 simulations between
the best segmentation found by segment neighbourhood for all possible split points and the approximation
thereof using seeded segment neighbourhood with K candidates and decay a = 1/ 21/2; 9%HD, percentage of
simulations where HD is exactly equal to 0, i.e., the percentage of cases where the approximation found the
truly best segmentation. The star symbol marks the segmentation according to the true underlying number of
change points for the corresponding signal. Signals are described in Appendix B of Fryzlewicz (2014), but
note that the name for the fms signal is misleading as this signal first appeared in Olshen et al. (2004).

Table 1 shows how well the seeded segment neighbourhood algorithm can approximate the best seg-
mentations compared to the original segment neighbourhood algorithm that is guaranteed to find the
optimal segmentations with the specified number of change points. We set the number of top candidates
taken from seeded intervals as three and five times larger than the true number of change points for the
above explained reason that each change point is contained in multiple seeded intervals and these might
lead to slightly different candidates. We thus take these slightly bigger pools of candidates. For segmen-
tations into fewer segments than the true underlying number, the average Hausdorff distance between the
truly optimal segmentation and our approximation thereof using seeded segment neighbourhood is very
low. For example, the average Hausdorff distance is 5.89 observation for the blocks signal with 11 change
points and K = 55 candidates from seeded intervals. This should be compared to the total of 2048 obser-
vations. Also shown is the percentage of simulations where the approximation actually found exactly the
same segmentation as the truly optimal one. For the fms signal, when considering segmentations with the
true underlying number of 6 change points, the exact same segmentation is obtained in 88 percent of the
simulations. Segmenting into a larger number of segments, the Hausdorff distances increase. This is due to
the fact that once the true change points have been identified, the additionally added ones are only due to
randomness and hence have a somewhat random location. As their gain may not be very high, they might
not make it onto the shortlist of top K candidates from seeded intervals. Such larger approximation errors
in the solution path beyond the true number of change points are not really a concern in practice, because
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one would not select such a segmentation anyway. Overall, it seems like in these two examples the seeded
segment neighbourhood algorithm does a fairly good job of approximating the best segmentations.

E. SIMULATIONS FOR THE UNIVARIATE GAUSSIAN CASE

Examples 1 and 2 in the Introduction illustrated (see Fig. 1 in the main paper) that in longer signals
with short minimal spacing between consecutive change points the estimation performance of seeded
binary segmentation variants are all much better than wild binary segmentation or the narrowest over
threshold method, unless drawing a huge number of random intervals. To see that this does not only occur
in “extreme scenarios” such as those two examples, we consider another example. Figure E.1 illustrates
the statistical efficiency vs. computational efficiency of seeded binary segmentation compared to wild
binary segmentation for a univariate signal with 55 change points. The total length of the search intervals
(and thus the computational cost) is orders of magnitude smaller for the same statistical performance.
Moreover, the performance of the default option (¢ = 1/ 21/2) for seeded binary segmentation is very close
to what seems to be possible in this specific setup. Choosing a slower decay slightly improves estimation,
but the results are fairly robust across the number of generated seeded intervals (unlike random intervals,
where too few of them leads to a clearly worse estimation performance).

S o
] =
2 7] —m— Seeded Binary Segmentation F= *III—% FTTEZTTES
o i[ Z —e— Wild Binary Segmentation I I X
2 . { I 8 §1 { o { I I
o QA c T =
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(5] = >
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T 2 - ]:I B3 T o
=] E L O S
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c (7] >
® L a1 ___L T - 3 o
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Fig. E.1: Estimation performance on a five times repeated blocks signal (Donoho & Johnstone, 1994)
with 5 - 2048 observations and 55 change points. The dots and squares represent the average and the
error bars the range of obtained values across 50 simulations. Crosses correspond to the proposed
default options for the methods. The dashed horizontal lines are drawn as a visual aid. Seeded binary
segmentation was combined with greedy selection and the final models were chosen using the same
information criterion as for wild binary segmentation. Note the logarithmic scales on both axes.

We consider additionally the same simulations as presented by Fryzlewicz (2014) in connection
with wild binary segmentation. For a description of the signals see Appendix B of Fryzlewicz (2014).
We used implementations of the wild binary segmentation and the narrowest over threshold method
from the R packages wbs and not from CRAN, respectively, with a small bug fixed in both pack-
ages concerning the generation of random intervals. A fast Fortran based implementation of our pro-
posed seeded binary segmentation methodology (currently with GT, GS and NT selection) is available at
https://github.com/kovacssolt/ChangePoints. Arbitrary intervals as inputs were already
supported by the not package, and this package allows using our method for more general signals, e.g.
with changing slopes. Note however, that the latter implementation can be slow as all segmentations in
the solution path resulting from all possible thresholds are recorded, which leads to a quadratic number of
candidates being saved.

Table 2 shows results based on averaged values over 100 simulations for each setup. Reported are
the mean squared errors (MSE), Hausdorff distances, V measures (Rosenberg & Hirschberg, 2007, more
precisely, viewing the change point segmentation as a clustering problem by identifying each constant
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Table 2: Simulation results

signal method MSE Hausdorff dist. V measure N-N tot. length
blocks SeedBS-GS 2.922(1.077) 43.150(31.009) 0.970 (0.013) -0.610 (0.803) 953 (0)
SeedBS-GS*  2.685(0.828)  32.690 (21.037) 0.973 (0.009) -0.520 (0.577) 329.7 (0)
WBS 2.627 (0.854) 31.520(23.262) 0.973 (0.011)  -0.500 (0.577)  3419.1 (35.7)
SeedBS-NS 2.942(1.002) 42.630(28.690) 0.970 (0.013)  -0.690 (0.787) 95.3 (0)
NOT 2.539(0.874) 31.700 (22.778) 0.974 (0.011)  -0.590 (0.588)  3422.3 (32.6)
SeedBS-NS*  2.675(0.782)  33.790 (21.056) 0.973 (0.010) -0.600 (0.532) 329.7 (0)
fms SeedBS-GS  0.005 (0.004) 15.810(25.830) 0.955(0.037) -0.020 (0.492) 19.1 (0)
WBS 0.004 (0.003)  9.080 (14.975) 0.963 (0.031)  0.000 (0.284) 833.8 (7.9)
SeedBS-NS  0.004 (0.003) 15.500 (25.853) 0.958 (0.035) -0.040 (0.448) 19.1 (0)
NOT 0.004 (0.002) 8.640 (15.019)  0.967 (0.028) -0.010 (0.266) 834.4 (74)
mix SeedBS-GS 1.598 (0.517)  86.870 (57.740)  0.908 (0.044) -1.180 (1.048) 22.3 (0)
WBS 1.680 (0.728)  78.260 (58.431) 0.913 (0.041)  -1.090 (1.093) 939.1 (8.1)
SeedBS-NS 1.759 (0.605)  96.870 (64.631) 0.897 (0.052) -1.340(1.199) 223 (0)
NOT 1.981 (0.914)  89.220 (64.899) 0.903 (0.049) -1.260 (1.495) 939.2 (8.3)
teethl0  SeedBS-GS  0.061 (0.040)  7.960 (20.229)  0.933 (0.130)  -0.190 (2.419) 44 (0)
WBS 0.058 (0.040)  7.380(20.591) 0.936 (0.133)  -0.410 (2.170) 238.7 (2.2)
SeedBS-NS  0.066 (0.050)  10.790 (27.521) 0.911 (0.186)  -0.860 (2.903) 44 (0)
NOT 0.062 (0.044)  9.150(24.593) 0.923 (0.162) -0.730 (2.522) 238.8 (2.3)
stairs10  SeedBS-GS ~ 0.023 (0.011) 2.130(1.468)  0.981(0.013)  0.470 (0.745) 4.8 (0)
WBS 0.024 (0.013) 1.900 (1.374)  0.980 (0.014)  0.450 (0.730) 2554 (2.3)
SeedBS-NS  0.021 (0.011) 1.340 (1.249)  0.984 (0.013)  0.100 (0.362) 4.8 (0)
NOT 0.021 (0.011) 1.400 (1.326)  0.984 (0.013)  0.140 (0.450) 255.5 (2.5)

SeedBS-GS, Seeded binary segmentation with greedy solution path; SeedBS-NS, Seeded binary segmentation with
narrowest over threshold solution path; WBS, Wild binary segmentation; NOT, Narrowest over threshold method;
MSE, Mean squared error; Hausdorff dist., Hausdorff distance; tot. length, total length of search intervals in thou-
sand. Signals are described in Appendix B of Fryzlewicz (2014), but note that the name for the fms signal is mis-
leading as this signal first appeared in Olshen et al. (2004). Seeded binary segmentation variants use the decay
a = 1/2/2 with the exception of the cases marked with a star, where @ = 1/ 2178 was used

part as a cluster), errors in the estimates for the number of change points as well as the total length of
the constructed search intervals. Parentheses show the corresponding standard deviations. For our seeded
binary segmentation methodology we chose m = 2 and a = 1/2'/2. Exceptions are the rows marked with
a star, where the decay was chosentobe a = 1/ 21/8 i.e. an increase in the total length of search intervals
by a factor of roughly four. For both wild binary segmentation and the narrowest over threshold methods
we chose the recommended 5000 random intervals. Moreover, all methods selected the final model from
the solution path using the same information criterion as in equation (4) of Fryzlewicz (2014). In detail,
the variances are assumed to be unknown and one chooses the segmentation & in the solution path that
optimizes 7'/21og(632) + klog T'. For more details on this criterion, see its first appearance in Yao (1988).

Overall, seeded binary segmentation with a greedy solution path (SeedBS-GS) performs similarly to
wild binary segmentation (WBS), while seeded binary segmentation with the narrowest over threshold
solution path (SeedBS-NS) is similar to the original narrowest over threshold method (NOT). Most im-
portantly, using seeded intervals we achieve competitive performance with total lengths of search intervals
that are orders of magnitudes smaller than using the random intervals, and thus computational times are
massively reduced. In these scenarios both selection types perform similarly. We have the experience that
increasing the noise level would lead to better results using the greedy selection. The performance of our
default methodology (with a = 1/2'/2) is slightly worse for the blocks signal compared to random in-
tervals based counterparts. However, when choosing a = 1/ 21/8 (see rows marked with stars), and thus
accepting an increase in the total length of the search intervals by about a factor four, performances are
again very close. Note that the total length of search intervals is still only a tenth of that of random in-

285

290

295

300



305

310

315

320

325

330

10 S. KovAcs, H. L1, P. BUHLMANN, A. MUNK

mean squared error Hausdorff distance V measure
. oo
° 2
o ° o = 00 o0 e &° B2
) - o 0,
°
. 0,
s o sg 5% opo § 00 Dtgcﬁﬁgﬁgﬂ
= ) i o k]
€ $00 £ a% o g, oS g, 8
§ o o ° 5 o § o ° o o
£ 00.9%00“ o £94 o EoS 5 o0 &g
4 oo 2%, 000 ° 2% o % g © 4 o 8°8 [
@ 8 og P © ) o @ o ° °
&8 o o & o
2o 59 o 22 ° ° 2 o
s o, ° o 5 o o o 8 o ©
< 2 %0 o £ ©0° % £8]
@ % o @ 5 8 @ og
z o o =27 ° ° =
= ° P o = o o = 4
° i
o ° ™ o,
— 24
o . 37 o
T T T | —— T T T — T 1 T T T T T T
3 4 5 6 12 5 10 20 50 100 200 093 094 095 096 097 0.98 0.99
Seeded Binary Segmentation, greedy selection Seeded Binary Segmentation, greedy selection Seeded Binary Segmentation, greedy selection
mean squared error Hausdorff distance V measure
~ P Py P
o
00 o g ° 84 ° 9
w0 L) ] ° ©
)
5 o © 00 5 A ° o ,° 5
£ 90000 A 5, oFog ko
5 g% 5 8] o oo & o 551 ° 5%
£ Y o £ ° ES o
g S o° 8s S e 8 o fo
3 o @ Con, & ® & 4 ° ® o
z o = o z ® o °
£ oo Feo® g2 55 B £s o
@ @ g @S
= o® S 2w 00% ° 8 N °©
s 0% o s ° s
s o © s o o B
- o o 2 °
— 57 °
o e K o o
T T T T 1 T T T T T T T T T T T T T T T T
3 4 5 67 1 2 5 10 20 50 100 093 094 095 0.96 097 098 0.99

1 2
Seeded Binary Segmentation, greedy selection Seeded Binary Segmentation, greedy selection Seeded Binary Segmentation, greedy selection

Fig. E.2: Simulation results from Table 2 for the blocks signal with decay a = 1/2'/2 (top) and
decaya =1/ 21/% (bottom).

tervals. For a better understanding, the simulations for the blocks signal are depicted in Fig. E.2. In the
top row (witha =1/ 21/2) one can see points lining up vertically when considering Hausdorff distances.
This line is around 40, and indicates that one of the true change points (lying to this distance to its closest
neighbour) is missed. However, when increasing computational effort (a = 1/ 21/8 bottom row), this ver-
tical line basically disappears and for all three error measures many points line up exactly on the identity
line. This indicates that change points found using seeded binary segmentation with greedy selection and
wild binary segmentation exactly agree in many simulation runs.

E.1. Improvements of estimation

Besides increasing the computational effort by the choice of a slower decay a (see different values of
a for the blocks signal in Table 2), there are many other options to slightly improve empirical perfor-
mance. For example, one could find preliminary change point candidates with the recommended choice
ofa=1/ 21/2 and include additional search intervals in a second step covering only the ranges in between
previously found neighbouring change points. Should the best candidates from these additional intervals
have test statistics above the predefined acceptance threshold, then one can also add them to the final set of
change point estimates. Implementing to add these intervals is slightly more effort than just changing the
decay a, but in simulations it seemed to be a bit more efficient computationally and in terms of estimation
performance than just the brute force choice of a slower decay value. The reason is that the additional
intervals are added adaptively, i.e. taking into consideration already detected change points.

One could of course also use the seeded dynamic programming approaches described in Section D as
a kind of “post-processing”, i.e. use seeded binary segmentation to obtain initial candidates, and then let
the dynamic programming do a refinement on this restricted set of candidates. Another option mentioned
in the definition of seeded intervals is to limit the minimal number of observations m (i.e. consider fewer
layers) if prior information on the minimal true segment lengths is available. This reduces the risk of
selecting false positives coming from very small intervals during the final model selection. One could also
use more refined test statistics instead of the CUSUM statistics, ones that are adapted to various scales,
e.g. multiscale variants. Simulations for these above mentioned improvement options showed estimation
performances that are very close to the best competitors, and yet retain computational efficiency. However,
we omit the corresponding detailed simulation results due to spatial reasons.
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F. DETAILS OF HIGH-DIMENSIONAL MODELS

Another appealing applicability of seeded binary segmentation beyond the extensively discussed uni-
variate Gaussian setup is in scenarios where model fits are expensive, for example in the recently emerging
area of high-dimensional change point detection (e.g. means in Soh & Chandrasekaran (2017); Wang &
Samworth (2018); covariance and precision matrices/graphical models in Roy et al. (2017); Gibberd &
Nelson (2017); Wang et al. (2021); Gibberd & Roy (2017); Bybee & Atchadé (2018); Avanesov & Buzun
(2018); Londschien et al. (2021); linear regression in Leonardi & Bithlmann (2016); Wang et al. (2021)).
Several of these proposals require the calculation of numerous lasso (Tibshirani, 1996), graphical lasso
(Friedman et al., 2008) or similar rather costly estimators. Another example would be multivariate non-
parametric change point detection for which Londschien et al. (2022) use random forests (Breiman, 2001)
and other classifiers, Padilla et al. (2022) use kernel density estimation, while Matteson & James (2014)
utilise energy distances. Overall, in all approaches requiring costly single fits, it is essential to keep the
total length of search intervals as small as possible to make computations feasible and thus to have prac-
tically usable methods.

We would like to highlight this in a specific example involving change point detection in (high-
dimensional) Gaussian graphical models. We consider a setup and estimator as introduced by Londschien
et al. (2021). Let (Xi)Z-T:1 C RP? be a sequence of independent Gaussian random vectors with means
i € RP and covariance matrices ¥; € RP*P such that (u;,%;),i = 1,...,T is piecewise constant with
an unknown number N of change points at unknown locations and corresponding segment boundaries
I=mp<m<- - <nn<nny1=T.For0<u<v<Tlet X, € RP*(v=%) denote the matrix of
the observations X, 11, . . ., X,, denote with /1(*-*J their mean and let St = (Xupw] — ey (X (w0 —
1“1t /(v — u) be the corresponding covariance matrix. Let 0 < § < 1/2 be some required minimal rel-
ative segment length and A > 0 be a regularisation parameter. According to the proposal of Londschien
etal. (2021), for a segment (u, v] with v — u > 26T define the split point candidate as

ﬁ(u,v] = argmax LT(Q%E:EO7 S(uﬂ)]) - (LT(Q%:;::TOv S(u,s]) + LT(Q%‘I:Z]qoa S(s,v])) ) (1)
se{u+dT,...,v—0T}

where L7 corresponds to a multivariate Gaussian log-likelihood based loss in the considered segment, i.e.

v—u
LT(Q; S(u,v]) = T (TI(QS(U,U]) - IOg(|Q|)) )

for an arbitrary segment (u, v]. Moreover, Q?}fﬁo is the graphical lasso precision matrix estimator (Fried-
man et al., 2008) for the corresponding segment with a specifically scaled regularisation parameter, i.e.

Qfee = argmin Le(Q; Su) + v/ (0 — w)/TA|Q]1.
’ RPXP 300

The goal here is to compare the estimation performance and computational times of the estima-
tor (1) when applied to seeded as well as random intervals. We consider a specific chain network
model (Fan et al., 2009, Example 4.1) with p = 20 variables: ¥;; = exp (—a |s; — s;|) witha = 1/2 and
si —s;_1 = 0.75,i = 2,...,p. The resulting precision matrix ¥ ! is tridiagonal. We consider a modi-
fied version X by replacing the top left 5 x 5 part of X by I5, i.e. an identity matrix of dimension 5. Let
Fy = N(0,,%) and F», = N(0,,X). We take 20 segments of length 100 each (i.e., N = 19) and generate
independent observations in the following way. The first hundred observations are drawn from F, the fol-
lowing hundred from F5, then another hundred from F, F», F} etc. In total, we obtain 7" = 2000 observa-
tions. We simulated 10 different data sets this way and to each of these applied seeded binary segmentation
(greedy selection with a single fixed threshold) with decays a = 1/2,1/2%/2 1/2%/4 1/2%/8 1/21/16 a5
well as M = 100, 200, 400, 800, 1600 random intervals for wild binary segmentation, leading to the 5 red,
respectively 5 black point clouds in Fig. F.1 (which is a zoomed in version of Fig. 3 in the main paper).
To be precise, we set § = 0.015, hence, we left out 30 observations at the boundaries of background inter-
vals. This also implies that all intervals with fewer than 60 observations were discarded for both interval
construction types. We set A = 0.007 and a threshold of 0.04 as a necessary improvement in (1) in order
to keep the proposed split point 7),, ., in the segment (u, v] and declare it as a change point.
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Note that with this specific choice of § we do not have a truly high-dimensional scenario in any of the
segments, but regularisation is still helpful especially when considering short background intervals where
the number of variables p is of similar magnitude as the number of observations. The reasons why we kept
the number of variables p comparably low are on the one hand the easier choice of tuning parameters, and
on the other hand we would quickly face computational bottlenecks with wild binary segmentation when
increasing p. In this 20-dimensional example, around 2300 seconds is needed for wild binary segmenta-
tion to obtain an estimation accuracy that is already achieved in about 28 seconds using seeded intervals,
see top of Fig. F.1. The bottom of Fig. F.1 shows computational gains of similar magnitude (17 vs. 1200
seconds). The difference in computational times for the top and bottom of Fig. F.1 arises from the different
implementation. The top shows a naive implementation where for each split point s € (u, v] both the input
covariance matrices (S(,,s], S(s,0)) as well as the corresponding graphical lasso fits (le‘“f'o Q?i“j]”) are
computed from scratch. However, the input covariance matrices can be updated cheaply for neighbour-
ing split points, i.e. once S, 4 is available, with a cost of O(p?) it can be updated to obtain Su,s4+1]-
This better implementation, shown at the bottom part of Fig. F.1, saves 40 — 50% in computational time
both for wild and seeded binary segmentation, but still preserves the massive computational gains of the
seeded intervals. The remaining computational costs mainly come from the expensive graphical lasso fits.
Without computing the graphical lasso fits, in our R implementation one would only need about 2 seconds
for the fastest version of seeded binary segmentation (¢ = 1/2) and about 9 seconds for M = 100 and
150 seconds for M = 1600 for wild binary segmentation. However, as mentioned previously, without the
regularised fits of the graphical lasso, the estimation error would be clearly worse, and hence, this is not
an option. Thus, the next best guess to speed up would be to use warm starts from neighbouring splits
when updating the graphical lasso fits, similar to the covariance matrix updates described previously. Un-
fortunately, not all algorithms that have been developed to compute graphical lasso fits are guaranteed to
converge with warm starts. Mazumder & Hastie (2012b) proposed the DP-GLASSO algorithm that can be
started at any positive definite matrix. When using the corresponding dpglasso R package on CRAN, we
obtained speedups of 30 — 35% with warm starts, but even this way the computational times were roughly
10 — 20 times worse than using the graphical lasso algorithm of Friedman et al. (2008) implemented in
the glasso R package on CRAN. The latter one we used to obtain the results of Fig. F.1. Admittedly,
there are a lot of factors influencing computational times (e.g. convergence thresholds) and different algo-
rithms/implementations might be better or worse in other scenarios with a higher number of variables p
and/or regularisation parameter A. One could of course also try other precision matrix estimators, e.g. the
graphical elastic net (Kovécs et al., 2021) with its fast implementation in the GLassoElnetFast package;
or others based on adaptive lasso or scad penalties (Fan et al., 2009). However, the computational times
would be of similar magnitude.

It is hard to draw an overall conclusion on which combination of implementation and tricks would
give the fastest results for changing Gaussian graphical models, but it is even harder to be fast without
utilising the more efficient seeded interval construction for the following reason. In each background in-
terval evaluating (1) at a single split point s requires the calculation of 2 graphical lasso fits. Hence, the
total computational cost (for a small §) would be roughly O(T log(T)p? + T log(T) - gl(p)) for seeded
binary segmentation versus O(T'Mp? + T'M - gl(p)) for wild binary segmentation, where gl(p) denotes
the cost of computing a graphical lasso estimator for a p-dimensional covariance matrix. There are various
algorithms computing exact or approximate solutions for the graphical lasso estimator with differing com-
putational cost, but scalings for gl(p) of O(p®) (or even worse) are common once the input covariance
matrices are already available and unless some special structures can be exploited (e.g. block diagonal
screening proposed by Witten et al., 2011 as well as Mazumder & Hastie, 2012a). The terms T log(T")p?
and 7'M p? come from the calculation of the input covariance matrices via updates. Summarising all obser-
vations from above, for typical algorithms for graphical lasso problems, the total costs would be roughly
O(T log(T)p?) for seeded binary segmentation vs. O(T'Mp?) for wild binary segmentation.

As in the univariate Gaussian change in mean case, M needs to be much larger than O(log T') if there are
many change points. In the worst case M is of the order O(T?) when evaluating essentially all possible
background intervals. In practice, one often does not know which choice of M is sufficient. This is a
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Fig. F.1: This figure is a zoomed in version of Fig. 3 in the main paper, showing estimation per-
formance in the changing Gaussian graphical model example of Section F with 2000 observations
and 19 change points with the naive implementation (top) and the implementation using updates for
neighbouring input covariance matrices (bottom). Note the logarithmic scales.

problem, as the performance very much depends on the choice of M (see Fig. F.1), especially when there
are many change points. Another advantage of seeded intervals is, that results are not depending much on
the choice of the decay a for the seeded interval construction compared to the very strong dependence on
the choice of M (the number of random intervals) for wild binary segmentation.

Overall the aim of this example is to demonstrate that seeded binary segmentation is highly useful in
scenarios beyond the univariate Gaussian change in mean case. While we precisely quantify the compu-
tational gains in the changing Gaussian graphical model scenario when using graphical lasso estimators,
it is more difficult to quantify this for some other costly estimators such as the lasso (Tibshirani, 1996)
or random forest (Breiman, 2001) for the following reasons. The main difference is that they have a cost
that not only depends on the number of variables, but also on the number of observations, moreover,
possibilities to update neighbouring fits would need to be considered carefully. Even in absence of exact
quantification of the computational costs in these scenarios, one can expect the substantial computational
gains when using seeded intervals to be crucial to keep computations feasible when model fits are very
expensive.

It is worth noting that recently Kovécs et al. (2020b) proposed to replace the full grid search in such
costly high-dimensional scenarios with an adaptive optimistic search technique requiring many fewer
fits. Specifically, the traditional full grid search requires O(T) costly model fits for an interval of length
T, whereas optimistic search looks at only O(logT) split points and thus requires only a logarithmic
number of costly fits. Hence, using this optimistic search technique in seeded intervals can lead to further
significant speedups and thus seems to be a promising avenue to tackle computational challenges in such
high-dimensional change point detection problems.

G. PROOFS

Proof of Theorem 1, parts 1) and 2). The algorithm consists of two steps: the calculation of the
CUSUM statistics for all seeded intervals and the subsequent model selection. For the first step, the cost of
calculating CUSUM statistics on all seeded intervals is proportional to their total length, i.e., O(T log T').
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In the second step, we only consider the candidate split points from seeded intervals with maximal
CUSUM values above the given threshold, and sort them either according to their maximal gains (for
the greedy selection) or their lengths (for the narrowest over threshold selection). Note that the number
of intervals contained in a collection of seeded intervals is of the order O(T'). Hence, the sorting proce-
dure involves O(T log T') computations in the worst case. Then we check for each seeded interval in the
sorted list whether it contains any previously found change point. Such a check can be done in O(log T')
computations as follows. We store all previously found change points in a balanced binary tree structure
(e.g., the AVL tree by Adel’son-Vel'skii & Landis, 1962). An alternative tree structure that can be used
easily instead of balanced binary search trees is shown in Fig. G.1. For AVL trees, both the search and
the insertion of new elements have the worst case complexity O(logT'), and the memory complexity is
O(T) (given the maximum of 7" total points that could potentially be declared as change points and thus
need to be stored in the AVL tree). Thus, one needs O(log T') time to check whether the candidate split
is suitable (i.e. the corresponding search interval does not contain any previously found change point, for
which finding the nearest neighbouring points in the AVL tree to the currently considered candidate is
sufficient), and O(log T') time for updating the AVL tree supposing that the candidate is suitable and thus
that it is declared/detected as a new change point. Alternatively, it is possible to utilise the structure of
seeded intervals by noticing that each potential split point s € {1, ..., T} is contained in at most O(log T')
intervals (as in each of the O(log T") scales there is a constant number of intervals containing s). This al-
lows the marking of all of the intervals that contain the found change point with a cost of O(logT') such
that these intervals can then be skipped in consecutive steps when adding the new change points. Overall,
both approaches (AVL trees and the specific structure of seeded intervals) lead to a worst case complexity
O(T log T) for the second step as we go through at most O(T") intervals (the total number of intervals in
a collection of seeded intervals) and perform at most O(log T') computations at each (checking whether
the interval is suitable and an update of the AVL tree). Therefore, the total computational complexity is
O(TlogT), and it does not depend on the underlying number of true change points. The total memory
complexity is composed of the storage of information (maximal gain, best split, as well as start and end
points for each search interval) plus the AVL tree, all of which requires at most O(T') memory. g

Proof of Theorem 1, part 3). In order to apply the information criterion, we need to compute the full
solution path, namely, the solutions for all possible choices of thresholds. Consider first the greedy se-
lection, which has the nice property that the obtained solutions are nested, i.e. adding another split point
(equivalent to lowering the threshold) splits one of the existing intervals into two parts. Hence, to obtain
the full solution path, one can just let the model selection run as in Theorem 1, part 1), but with a threshold
set to 0, leading to at most O (7 log T') computations. Further, the penalty PEN(-) can be evaluated in an
incremental way, i.e., each time when adding a new change point, which by assumption needs O(log T')
computations per update. For the least squares part in the information criterion, it is also possible to up-
date incrementally with O(log T') computations at each step. More precisely, we have to find the nearest
left and right points (out of all change points previously found) to the newly added change point. Once
the neighbours are found, one can just update the least squares of the specific segment that was freshly
divided in O(1) time by utilising cumulative sum type of information (all of which can be precomputed
once in the beginning in O(T') time, and stored in O(T") space). Such searches of nearest neighbours can
be done in O(logT') time, if we build and iteratively update a balanced binary tree (e.g., the AVL tree
by Adel’son-Vel’skii & Landis, 1962) for the change points found, as in the proof of part 1) and 2). Note
that such balanced trees can be updated incrementally also in O(log T') time. Given that we go through
at most O(T') intervals and perform at most O(log T") computations at each, an upper bound on the worst
case computational complexity of O(T logT') for the greedy selection is obtained. g

Note that regarding the narrowest over threshold selection with full solution path (NS) we could do
the following (potentially suboptimal analysis). There are at most O(7") seeded search intervals and thus
thresholds which can potentially lead to different solutions. For each threshold, we can compute the solu-
tion in O(T log T') time by Theorem 1, part 2) and evaluate the information criterionin O(7 logT') time
(i.e., in an incremental way similarly to the greedy selection considered above). Thus, in total, an upper
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bound on the worst case complexity of O(T?1ogT) is obtained. Note that only the value of the infor-
mation criterion needs to be stored for every threshold that leads to a different solution, requiring O(T")
memory. The final solution can be calculated again with O(T logT') time (and O(7") memory) once the
optimal threshold is selected. Thus, the memory complexity is O(T') also for this selection method. Of
course, if one wants to record all possible segmentations from the solution path of the narrowest over
threshold selection, the memory complexity could be O(7?). As mentioned also in the main paper (see
also Fig. B.1), empirically, computing the NS selection seems near-linear in many scenarios and thus this
O(T?1ogT) bound could potentially be improved.

Remark 2. While our proofs presented here rely on AVL trees (Adel’son-Vel’skii & Landis, 1962), we
found an alternative tree structure (Fig. G.1) that is easier to implement in practice. Such interval trees
are a versatile and useful tool when implementing various selection algorithms, be that a fixed threshold
or solution path for greedy or narrowest over threshold based selection, or even something beyond the
procedures we focused on in this paper. Furthermore, trees of similar kind seem to be useful also for
change point detection problems in a broader sense, e.g. for storing cumulative sums of observations in
various segments. Hence, we considered worthwhile showing the rough idea.

Without loss of generality, one can assume the number of observations (or time points) 7" to be some
power of two, otherwise one can pad a few additional zeros into the lowest layer. For T observations
overall 27" — 1 nodes need to be stored and there are O(logT') levels. Adding a new candidate requires
updating one entry per level, and hence can be done in O(log T') time, similarly to deleting a candidate.
Also, for any time point, one can find the nearest right and left change point candidate that is already being
stored in O(log T) steps in the worst case. This corresponds to the task of going up and then down on some
branches to reach the closest 1 stored to the left and to the right of the observation under consideration.
Being able to find the neighbours efficiently is useful when updating information criteria like BIC when
one is going from one segmentation in a solution path to the next one. Furthermore, one can also tell
whether a seeded interval contains any previously found change point candidate. If this is the case, it is
not valid, i.e. the candidate from this interval will not be added to the solution. This corresponds to the
elimination step described in Section A.

level 4
level 3
level 2
level 1

level 0

time points

Fig. G.1: Example of an interval tree structure indicating the number of change point candidates
contained in specific segments. At the lowest level, change points are marked with ones, the others
with zeros. The nodes in the levels above are the sum of node values from the previous layer and
thus count the number of change point candidates within specific intervals. The candidates in this
example are at observations 3, 5, 6 and 13. Thus, the node on level 4 indicates that there are 4 change
points overall in the interval {1,...,16}. The left and right nodes on level 3 indicate that there are
3 and 1 candidates in the intervals {1,...,8} and {9, ..., 16}, respectively. The leftmost node on
level 2 indicates that there is only one candidate in the interval {1, ..., 4}. The remaining nodes have
analogous interpretations.
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Proof of Theorem C.1. 'We consider interval (1; — A, 7; 4 A] for each change point 7. By construction
of seeded intervals , we can find a seeded interval (¢; — r;, ¢; + r;] such that (¢; — 74, ¢; + 73] C (n; —
A1+ Al, i > a®X and |¢; — n;| < ri(1 + a®)/2. Then the problem almost reduces to the detection of
change point on the interval (¢; — 7, ¢; 4+ 4. The rest of the proof follows nearly the same as the proof

of Theorem 1 in Baranowski et al. (2019), and is thus omitted. O

Proof of Theorem C.2. 1t follows exactly the same way as the proof of Theorem 3 in Baranowski et al.

(2019). O
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