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Supporting Information Text14

Supporting Information Text 1: Fixed points of the simple HIV-STI model. In our model, the population is divided into15

compartments corresponding to different health and disease states: susceptible (S), asymptomatic infectious (Ia), symptomatic16

infectious (Is), and on treatment (T ). Each compartment represents the fraction of the total population in that category. We17

assume the total population remains constant over time and normalize it to 1:18

S + Ia + Is + T = 1. [1]19

This condition, known as demographic equilibrium, implies that the sum of all derivatives is zero. This allows us to obtain20

an expression for the recruitment rate Φ:21

Φ = µ (S + Ia + Is + T ) = µ. [2]22

Additionally, it allows reducing the system to three differential equations, given that T can be represented as an algebraic23

function of the other variables:24

T = 1 − (S + Ia + Is) . [3]25

We determine the existence of fixed points (S∗, I∗
a , I∗

s ) by imposing the stability condition d
dt

(S∗, I∗
a , I

∗
s ) = (0, 0, 0).26

Substituting the conditions above, Eq. 1 – 3 in the main text can be rewritten as follows:27

0 = −C1 (I∗
a + I∗

s )S∗ + γI∗
a + γ̃ (1 − (S∗ + I∗

a + I∗
s )) + µ− µS∗ − Σ , [4]28

0 = ψC1 (I∗
a + I∗

s )S∗ − (γ + λa)I∗
a − µI∗

a + ψΣ , [5]29

0 = (1 − ψ)C1 (I∗
a + I∗

s )S∗ − (λs + µ)I∗
s + (1 − ψ)Σ , [6]30

where C1 = βSTI
0 (1 −m(H) (1 − P )).31

We calculate S∗ from equation Eq. (6):32

S∗ = (λs + µ)I∗
s − (1 − ψ)Σ

(1 − ψ)C1(I∗
a + I∗

s ) . [7]33

The relationship between I∗
s and I∗

a follows from equations Eq. (5) and Eq. (7):34

I∗
s = (γ + λa + µ)(1 − ψ)

ψ(λs + µ) I∗
a

def= C2I
∗
a . [8]35

Using equations Eq. (4), Eq. (7), and Eq. (8), we obtain a quadratic equation for I∗
a36

a(I∗
a)2 + bI∗

a + c = 0 , [9]37

where38

a = C1(1 + C2) [−(λs + µ)C2 + (γ − γ̃(1 + C2))(1 − ψ)] , [10]39

b = (γ̃ + µ) [C1(1 − ψ)(1 + C2) − (λs + µ)C2] , [11]40

c = (γ̃ + µ)(1 − ψ)Σ . [12]41

[13]42

From this follows:43

I∗
a = −b±

√
b2 − 4ac

2a . [14]44

Given that C1, C2 > 0, and assuming that γ̃ (1 + C2) > γ (which in the parameter regime we explore is true even for the45

case C2 = 0), we can conclude that:46

• In Eq. 9, a < 0 and c > 0.47

• Both solutions are real, given that b2 − 4ac > 0 always.48

• There is only one positive solution for I∗
a in Eq. 14, given that the product of the roots of Eq. 9 fulfills x1x2 = c/a < 0.49

We therefore showed the existence of one positive real-valued fixed point.50
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Supporting Information Text 2: Minimum PrEP-related testing frequency. We demonstrated that insufficient PrEP-related testing51

leads to an increase in STI prevalence as PrEP uptake increases. This led us to question whether a minimum PrEP-related52

testing frequency, λP,min, exists, which is necessary to decrease STI prevalence. The parameter λP represents the number of53

mandatory tests per year for individuals taking PrEP. In the main analysis, we considered three specific values (1, 2, and 454

tests per year). Here, we adopt a more qualitative approach to explore whether a minimum required testing frequency, λP,min,55

emerges as a function of PrEP uptake (P ) and risk awareness (H).56

For a fixed PrEP uptake P and risk awareness H, increasing the PrEP-related testing frequency λP consistently reduces57

STI prevalence, as expected (Fig. S1a-f). For example, for high STI transmission, P = 65 %, and H = 0 %, increasing λP58

from 1/year to 4/year decreases prevalence by 88.47 % (from 0.581 to 0.067). This suggests that more testing is always better59

when PrEP uptake and risk awareness are constant. However, when risk awareness H is moderate or high (here, H ⪆ 4),60

insufficient PrEP-related testing leads to an increase in STI prevalence as PrEP uptake rises (Fig. S1b,c,e,f). This occurs61

because individuals on PrEP undergo mandatory PrEP-related testing but not additional risk-related testing. This means that62

when the PrEP-related testing frequency is lower than the risk-related testing frequency, overall testing decreases as more63

people adopt PrEP, driving up STI prevalence. From these observations, we conclude that a minimum PrEP-related testing64

frequency, λP,min, exists and depends on risk awareness.65

In summary, insufficient PrEP-related testing frequency can contribute to a rise in STI prevalence as PrEP uptake in the66

population increases. Consequently, a minimum testing frequency, λP,min, exists, which depends on risk awareness. However,67

testing above this threshold is always beneficial and leads to a further reduction in STI prevalence.68

Supporting Information Text 3: Impact of asymptomatic fraction on disease dynamics. In the main text, we used an asymp-69

tomatic fraction of ψ = 0.85 (1, 2) (see Table 1 in the main text). To assess the impact of this parameter, we performed a70

sensitivity analysis in which the asymptomatic fraction was reduced to 0.7, following the value suggested by William et al.(3).71

Our simulations indicate that this reduction in the asymptomatic fraction does not lead to any qualitative changes in the72

overall epidemic dynamics; the trends observed in the main analysis remain consistent (Fig. S2). However, as expected, a73

lower asymptomatic fraction decreases overall prevalence compared to the baseline scenario (cf. Fig. 2 in the main text).74

This outcome is not surprising; individuals are assumed to seek testing and treatment voluntarily as they develop symptoms,75

removing themselves earlier from the pool of infection should that be the case.76

Supporting Information Text 4: Results for additional PrEP-related testing frequencies. We tested how sensitive our results77

are to the rate of PrEP-related screening. Keeping all other parameters at their baseline values, we repeated the analysis for78

λP = 0, 3, and 5 (Fig. S3, S4).79

When there is no PrEP-related screening (0 tests per year), prevalence increases with PrEP uptake, consistent with the80

pattern seen under low testing in the main text. The observed prevalence, however, decreases in some parameter regimes,81

leading to a paradox again, but in the opposite direction as before: Now, the actual prevalence increases while the observed82

one decreases. With more frequent screening, the rise in prevalence with increasing PrEP uptake is much smaller and often83

shifts to a decline as uptake grows. At 5 tests per year, prevalence declines with uptake over most of the range. This means84

that the original testing paradox, that the real prevalence decreases while the observed cases increase, appears again, similar to85

λP = 2 and 4.86

These results are consistent with the scenarios shown in the main paper for 1, 2, and 4 tests per year. They show that our87

conclusions do not depend on a specific choice of testing frequency and that the most informative dynamics arise at non-zero88

testing rates. In practical terms, frequent PrEP-related screening helps ensure that higher PrEP uptake does not increase STI89

prevalence and can even lead to lower prevalence.90

Supporting Information Text 5: Testing artifacts with rising risk awareness. In the main text, we looked at the changing91

dynamics of STI prevalence N and positive tests Nobs when PrEP uptake changes. Here, we will look at changing risk awareness92

in the population (Fig. S5).93

The risk awareness represents how people perceive their risk of infection on average and undergo voluntary testing even94

without symptoms. Increasing risk awareness in the population, therefore, leads to increased testing and in our case lowers N .95

If both risk awareness and PrEP uptake are low, this increased testing decreases N at such a rate that Nobs can increase;96

although the fraction of positive tests declines, the overall volume of testing rises enough that the absolute number of positive97

results still increases. If PrEP uptake stays low and risk awareness increases further, however, both Nobs and N decrease. The98

real cases now decrease so much that even though we test more, fewer positive tests are recorded. When PrEP uptake is high,99

most people already undergo PrEP-related testing, and the increase in overall testing due to increased risk awareness is only100

small, so Nobs also decreases here. Only for a low PrEP-related testing rate and high transmission rate (Fig. S5f), N decreases101

so slowly that increased testing leads to increased Nobs; the paradoxical region has a larger extent, supporting the previous102

result that frequent testing for PrEP users is essential for effective containment. Overall, increasing risk awareness in the103

population has not only the positive effect of decreased N but also leads to Nobs correctly reflecting the decreasing trend of N .104

Supporting Information Text 6: Comparison between absolute number of positive tests and positivity rate. In Fig. S6, we show105

the real prevalence, N , along with the number of positive tests, Nobs, and the positivity rate. The positivity rate is defined as106

the number of positive tests divided by the total number of tests. As Nobs does not take into account how many tests have107

been carried out in total, its dynamics do not always reflect those of N , meaning that the paradox arises. The positivity rate,108
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on the other hand, reflects the real dynamics. It is therefore a better indicator of STI prevalence. However, positivity rate is109

often not available as only positive tests get reported in many countries.110

Supporting Information Text 7: Visualization of testing rates. The testing rate depends on both PrEP uptake and risk awareness.111

In Fig. S7, we show the total as well as asymptomatic testing rate as a function of varying PrEP uptake, risk awareness,112

and PrEP-related testing frequencies. For low PrEP-related testing (λP = 1), testing decreases with increasing PrEP uptake113

as PrEP-related testing is lower than risk-related testing; as people start taking PrEP, they test less than before. For high114

PrEP-related testing (λP = 4), on the other hand, testing increases with PrEP uptake as people on PrEP test more often than115

those who only test depending on risk.116

Supporting Information Text 8: Partial mitigation of PrEP users (ξ ̸= 0). In the main text, we considered the case ξ = 0, where ξ117

denotes the risk assimilation parameter, regulating the extent to which PrEP users engage in risk mitigation. A value of ξ = 0118

corresponds to no mitigation at all. Here, we examine alternative values, namely ξ = 0.2, 0.6, and 1 (Fig. S8). When ξ = 1,119

PrEP users apply the same mitigation measures as individuals not on PrEP. We find that as ξ increases, the parameter space120

in which the paradox arises becomes smaller. For ξ = 0.6, which corresponds to the baseline scenario in Jenness et al. (4), the121

paradox still emerges across a notable range of parameters. Overall, as PrEP users adopt more mitigation measures, prevalence122

tends to decrease in parameter regimes where it previously increased, due to reduced transmission.123

Supporting Information Text 9: Extended model with risk group stratification. While our main analysis is based on a homogeneous124

population model, we also considered an extended model with risk group stratification to better capture real-world heterogeneity125

(Fig. S9). This stratified model includes four distinct risk groups, with their relative sizes and interaction patterns informed by126

an HIV model for high-risk MSM using data from the Netherlands (5). The four risk groups comprise 45.1%, 35.3%, 12.5%,127

and 7.1% of the total MSM population, respectively (6). We denote the groups by indices l ∈ {1, 2, 3, 4}, ordered by increasing128

risk: group l = 1 represents individuals at the lowest risk, while group l = 4 includes those at the highest risk. Parameters that129

differ from the small model (Table 1 in the main text) are listed in Table S1.130

dSl

dt
= −Λl Sl + γ Ia

l + γ̃Tl + Σ + Φ − µSl,131

dIa
l

dt
= ψΛl Sl − γ Ia

l − λa,l(P,H) Ia
l − µ Ia

l + ψΣ,132

dIs
l

dt
= (1 − ψ) Λl Sl − λs,l(P,H) Is

l − µ Is
l + (1 − ψ) Σ,133

dTl

dt
= λa,l(P,H) Ia

l + λs,l(P,H) Is
l − γ̃Tl − µTl,134

where135

Λl = βST I
0 ((1 −m(H)) (1 − P ) + (1 − ξl m(H))P )

∑
l′

Mll′
Ia

l′ + Is
l′

Nl′
,136

m(H) = mmin + (mmax −mmin)
(

1 − exp
(

− H

Hthres

))
,137

Mll′ = ω
cHIV

l′ Nl′∑
k
cHIV

k Nk
+ (1 − ω)δll′ ,138

λa,l(P,H) = kor,l β
HIV
0 (1 −m(H)) H (1 − P ) + λP P,139

λs,l(P,H) = λ0 + λa(P,H) .140

Nl is the population size in group l, and δll′ = 1 if l = l′, otherwise δll′ = 0.141

The increased dimensionality and complexity introduced by risk group stratification made analytical calculation of the142

model’s fixed points highly challenging. As a result, directly solving for equilibrium states was impractical.143

To address this, we employed a numerical approach, simulating the model dynamics over a sufficient number of years to144

allow the system to evolve towards a stable equilibrium. Equilibrium was operationally defined as the point at which the145

values of all relevant state variables–namely, the fraction of susceptible (Sl), asymptomatically infected (Ia
l ), symptomatically146

infected (Is
l ), and treated (Tl)–changed by less than a small threshold ϵ between consecutive time steps, i.e., |x(t) − x(t−1)| ≤147

ϵ for all x ∈ {Sl, I
a
l , I

s
l , Tl}. This stopping criterion ensured that the model output reflected steady-state conditions, minimizing148

the influence of initial conditions or transient dynamics. All results from the risk-stratified extended model, as presented in this149

study, were obtained from simulations in equilibrium.150
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Supporting Information Text 10: Sensitivity Analysis of the extended model. To assess the robustness of our model, we performed151

a sensitivity analysis in two parts. First, we varied the odds ratios (kor) assigned to the different risk groups (l). Second, we152

examined alternative configurations of risk-group–stratified risk assimilation (ξl). Values for the different scenarios can be153

found in Tab. S1.154

For the odds-ratio analysis, we considered three scenarios with distinct combinations of odds ratios for the four risk groups155

(7) (Fig. S10 and Fig. S11). To ensure comparability between scenarios, all sets of odds ratios were normalized such that the156

population-weighted mean odds ratio was fixed at kor = 50. This normalization isolates the effect of risk distribution while157

holding the average population risk constant.158

For each scenario, we reproduced the main results (Fig. 2 in the main text and Fig. 3 in the main text) using the159

corresponding odds-ratio distributions. The absolute prevalence only shows minor deviations across the three scenarios; the160

overall qualitative dynamics and trends remained consistent with those presented in the main figures.161

In the second part of the sensitivity analysis, we tested three different scenarios for risk-group–stratified risk assimilation162

ξ_l (Fig. S12 and Fig. S13). Again, the results showed no significant qualitative differences across these scenarios.163
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Table S1. Model parameters of the extended model with risk group stratification

Parameter Definition Value Units Source

ω Mixing parameter 0.5 – (5)
cHIV

l Average number of new partners per year in risk group l [0.13, 1.43, 5.44, 18.21] yr−1 (5)
kor,l Odds ratio in risk group l, likelihood that one perceives risk

if one is at risk
Scenario 1: [50, 50, 50, 50]
Scenario 2: [2, 63.5, 100, 200]
Scenario 3: [14, 24, 167, 203]

– (7)

ξl Risk assimilation in risk group l Scenario 4: [0, 0, 0, 0]
Scenario 5: [0.8, 0.6, 0.4, 0.2]
Scenario 6: [1, 0.6, 0.2, 0]

– Assumed
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Fig. S1. Asymptomatic screening frequency among PrEP users is key to lowering STI prevalence. STI prevalence depends on the PrEP uptake, the PrEP-related testing
rate λP , and risk awareness H (a-f). At high PrEP-related testing frequencies (λP = 4), STI prevalence never increases with increasing PrEP uptake for all levels of risk
awareness (a, d, k, l). However, when PrEP-related testing frequencies λP is below the risk-related testing frequency, this relationship becomes non-monotonic at moderate or
high risk awareness (here, H ⪆ 4), and more PrEP uptake can paradoxically lead to increased STI prevalence (b, c, e, f, g-j). This effect arises because PrEP users undergo
mandatory PrEP-related testing only; thus, when λP is lower than the risk-related screening frequency, the overall screening decreases as PrEP uptake increases, resulting in
higher STI prevalence. Parameters in Table 1 in the main text. Mirroring Fig. 2 in the main text.
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Fig. S2. Increasing PrEP uptake can mitigate the spread of chlamydia. We analyze the prevalence of chlamydia infections under two scenarios of transmission rates
(low and high; parameters in Table 1 in the main text) for an asymptomatic fraction of ψ = 0.7 (in the main text we used ψ = 0.85). The frequency of PrEP-related testing
determines the effects of PrEP uptake, particularly at low levels of risk awareness in the population (H). Mirroring Fig. 2 in the main text.
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0 test/year3 tests/year5 tests/year

Fig. S3. Varying mandatory PrEP-related testing frequencies. Extension of Fig. 2 in the main text, showing scenarios with 0, 3, and 5 PrEP-related tests per year (instead
of 1, 2, and 4).
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Fig. S11. Varying odds ratios among the risk groups in the extended model. For the exact value for each scenario, see Tab. S1. Mirroring Fig. 3 in the main text.
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Fig. S12. Varying risk assimilation stratified by risk groups in the extended model. Three different scenarios with different combinations of ξl according to Tab. S1.
Mirroring Fig. 2 in the main text.
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Fig. S13. Varying risk assimilation stratified by risk groups in the extended model. Three different scenarios with different combinations of ξl according to Tab. S1.
Mirroring Fig. 3 in the main text.
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