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SUMMARY

This supplementary material complements the main text. §S1 provides further optimality re-
sults on the multiscale confidence set. All the technical proofs are collected in §S2. §S3 gives the
computation details, and some additional simulation results are provided in §S4.

S1. OPTIMALITY OF THE CONFIDENCE REGION Cj, ()

The first part of Theorem 2 and Theorem S1 show that C),(«) in (1) is an optimal confi-
dence region for continuous F' with respect to the distance d,, in (7) for arbitrary p: The first
part of Theorem 2 shows that with probability converging to one, C),(«) will exclude H with

dp(F,H) > (1+€,){2 log(e/p)/n}1/2, where €, | O sufficiently slowly. In the case of small p,
Theorem S1 shows thatif 1 + €, is replaced by 1 — €, then no test can distinguish F" and H with
nontrivial power. In the case of larger p, i.e. when p stays bounded away from zero, the condition
of the first part of Theorem 2 becomes d,(F, H) > n~Y2B,, with B,, — oco. On the other hand, a
contiguity argument as in the proof of Theorem 4.1(c) in Diimbgen & Walther (2008) shows that
for any test to have asymptotic power 1 against a sequence H" requires d,(F, H") = n~Y2RB,
with B,, — oo.

THEOREM S1. Let ¢, (X), with X = (X1,...,X,), be any test with level o € (0,1) un-

der Hy: Xi,...,X, are independent samples from a continuous distribution function F. If
(logn)?/n < p, — 0 and €, € (0,1) such that e, (log e/p,)*/?* — oo, then
inf Eg¢n(X) = a+o(1).

H: dPn(F’H)z(lfﬁn)(%logpin)l/z

Remark S1. The price for simultaneously considering all H € C),(«) in the second part of
Theorem 2, as opposed to a fixed sequence H = H,, in the first part, is a doubling of the distance
dp, (F, H): For a fixed sequence of intervals I = I, the standardized distance between F'(I)

and F,,(I) becomes negligible compared to the radius {2loge/F, (1)} 12 of the confidence ball
around F,,(I). But if one needs to consider all intervals simultaneously, then for the worst-case

interval I the standardized distance between F, (1) and F'(I) is also about {2loge/F,(I)} 12
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2 H. L1, A. MUNK, H. SIELING AND G. WALTHER

The proof of Theorem 2 shows that the first part holds even for smaller intervals, namely for
pn € [21log(n)/n,1/2), provided that also F'(I) > H(I).If F(I) < H(I), then (S4) requires a
different bound. For example, if p,, = klog(n)/n, k > 2, then (S4) requires

1 e\ 1/2
(RH)>(1+%x?ﬂ+kU%<bg> : (S1)
n Pn
and it is not clear whether this result can be improved. Note that Theorem S1 does not provide a
s lower bound for scales of order log(n)/n.

The construction of C,(«) via the log likelihood ratio statistic logLR,,{ H(I), F,(I)} rather

than, say, the standardized binomial statistic n'/2|H (I) — F,,(I)| [H(I){1—-H(I)}] 25 eru-

cial for these optimality results: While the tail of n/2|F(I) — F,(I)|[F(I){1 — F(I)}] Mg
close to sub-Gaussian, it does vary with F'(I) and becomes increasingly heavy as F'(I) de-

w0 creases to 0, see Shorack & Wellner (1986, Chapter 11.1). It is thus not clear how to construct
a penalty that is effective in combining the evidence on the various scales p,,. For example, if
F(I) = klog(n)/n for some fixed k > 0, then the penalty (2log-- -)1/2 in the definition of
Cy () would not be sufficiently large for the standardized binomial statistic and therefore the
optimality result (S5) would not hold, at least in the case F'(I) > H(I).

dp

n

45 S2. PROOFS
To ease understanding, we recommend interested readers to read also Rivera & Walther
(2013). In all the proofs, we will make it explicit where the continuity assumption on F' is used.
Whenever the assertions, more precisely, the first part in Theorem 1, and Theorems 2, 3 and 5,

also hold for general, possibly discontinuous F', we will detail how such an extension is possible.
so Recall that /{F},(I)} is defined in (2). We will make use of the following

LEMMA S1. H € Cy(«) implies forall I € J:

172 HU) = Fu ()]
max{H (I), F,,(I)

] < en(l), (S2a)

H(I) — Fy(I . 1
”WW <enll) i max{Fo(I), H(I)} < 5, (52b)
\H(I) — F,(I)] 2(I)
W el g (529

s where cn(I) = {F,(I)} + kn(e), M =max[F,(I){1—F,(I)},H(){1—- H(I)}], and
7n:mmﬁuﬂﬂ—PMDLHUHleUﬂ]
Likewise, Lemma S1 hold for all H € Cy,(«) and I € J where H' is constant.

Proof. We note that Taylor’s theorem implies for H € C),(«)
(1) _ logLR, (H(1). Fu(D))

n

2n n
_ {H(Q.(I fng()j)}Q for some & between H (I) and F,, (1) (S3)

{{H(I) — Fu(D)Y?/ [2max{H(I), F,(I)}]
{H(I) — F,(I)}?/(2M) if 2max{H (I), F,(I)} < 1
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since {(1 — &) is increasing for £ € (0, 1/2], proving (S2a) and (S2b). The assertion (S2c) fol-
lows by applying (K.5) in Diimbgen & Wellner (2014) to (S3). O e

Proof of Theorem 1. Note that the law of d,(F, F},) for an arbitrary F’ is bounded above by
the law of d,,(F, F},) for a continuous F', and that the latter does not depend on F'. Thus, we may
assume X, ..., X, are independent samples from F' = U|0, 1]. The statement of the theorem
is closely related to the modulus of continuity of the uniform empirical process, see Shorack &
Wellner (1986, Chapter 14.2). Unfortunately, the available results appear not strong enough to s
cover the case where B,, — oo slowly. Therefore we employ the Hungarian construction together
with elementary calculations and recent results about Brownian motion.

By Shorack & Wellner (1986, Chapter 12.3), there exists a sequence W,, of Brownian motions
on the same probability space such that

nl/2

lim sup sup ‘nlﬂ{Fn(I) - ]I|} - Bn(I)‘ <M < a.s.,
n 081 1c[0,1]

where B,,(t) = W,,(t) — tW,,(1), a standard Brownian bridge. Writing

V20, (1) — |I|} — Wa(I
e w WD = I} = W
1c[o,1]: |Te[le2n L [1{1 — [1]}]
2 1/2
< sup B2 (1) - 1) - ()| + WD)

" 1clog) logn

we obtain R,, = Op(1) and

log?n 1)

n(
w2 d, (P F,) — sup ) s

I:|I|=p {p(l — p)}1/2

The first statement of the theorem now follows from Diimbgen & Spokoiny (2001, Theo-
rem 2.1, also Section 6.1) together with (1 — p)~'/2 < 1 4+ 2p and the fact that p(2loge/p)'/?
stays bounded in p.

For the second claim we note that

)SRH for all p € [

(W ()]

sup > max N;,
I:|I|=pn {pn(l —pn)}1/2 =L mn

where the N; = [W,, (ipn) — Wi {(i — 1)pn}|pn /2 are independent, and identically distributed
from NV(0, 1) and m,, = [1/p, . Without loss of generality, we may assume that B, is such that
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4 H. L1, A. MUNK, H. SIELING AND G. WALTHER
A = (2loge/pn)'/? — B, /2 — oo. Mills ratio gives

pr(' max N; < )\n)
i

=1,....,mp

< {1 - L6>><1E>(—>\3L/2)}mn

4N,
—myp 2 exp | B, (2loge/pn)1/2—Bn/4 /2
o 54 e bl
exp{ Bp(2loge/pn)'/?/4
< exp [_ {56(210g e/pn)t/? }} = o(1).

Theorem 7.1(b) in Diimbgen (2003) suggests that the second statement of the theorem holds
for any collection of estimators { H,, (1)}, so it is not possible to improve on the performance of
F,,. We will not engage in the lengthy technical work required to establish that claim. O

Proof of Theorem 2. To avoid lengthy technical work we will prove the theorem using 7 = {
all intervals in R} in the definition of C),(«). The technical work in Rivera & Walther (2013)
shows that the approximating set of intervals used in §2 is fine enough so that the optimality
results continue to hold with that approximating set.

To prove the first part we will show that for arbitrary p,, € [2log(n)/n,1/2), H = H,, and
I = I,, with F'(I) = p,, and

nl/2 [H(I) — pul
{pn(l _pn)}1/2

(14 €p) [21/2 + {bg(e/p"))}mﬂ{}?(f) < H(I)}] <1og 6>1/2 . (S4)

npn(l — DPn n

we have
prp{H € C,(ar)} — 0 uniformly in F'. (S5)
The first claim follows since for p,, € (log?(n)/n,1/2) we have
(14 ¢,){ 108E/Pn v (14 en)(logn)"2 = ofe,)

since €, > (loge/p,) "1/ > (logn)~/2.
On the other hand, if p,, = klog(n)/n for some k > 2, then

{ loge/pn }1/2 _ k:*l/2+0{(logn)*1/2}
npnp(1 — pn) ’
yielding (S1) in the case where F'(I) < H(I).
To prove (S5) set ¢, = (1 + €,)(2log e/py,)'/2. Then the inequality (S4) reads
172 [H(I) = pal e
n / 1/2 Cp + 1/2
{pn(l _pn)} 2(1 +€n){npn(1 _pn)}
We have b,, = min{B,, (logn)'/?} — oo by the assumption of the theorem, and we define the
event A, = {n/2|F,(I) — F(I)| < {b,F(I){1 - F(I)}}l/z}. We will show that on the event

1{F(I)< HI)}.  (S6)
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Ay, (S6) implies for sufficiently large n
e HO=FMO 2
[Fu(D{L = F(DY)]? T~ 2[nFu(D{1 = Fa(D)]?

uniformly in H and I, where ¢, = ¢({F,,(I)} + b,ll/ 2 /4. Hence Lemma S1 (S2b) and (S2c) give

prp{H € Cn(a)}
H(I) — F,(I &2
< TF( H(D) n(l)] 12 <c¢p+ ‘n 1/QII{Fn(I)<H(I)}>
[Fn(I){l_Fn(I)}] 2[nFn(I){1_Fn(I)}]
once b, /2 /4 > kK, (a)
<prp(A;) eventually
1
< — )
=
by Chebychev’s inequality, and the above conclusions are uniform in F, H and I. Thus (S5)
follows since k., () = O(1) by Rivera & Walther (2013, Proposition 1) if Fis continuous. The
above argument holds for general, possibly discontinuous, F' as well; In that case, we will use
k} («) instead of Ky, (), which is also O(1) by Lemma S2.
It remains to prove (S7). On A,, we have

- =B < ()

since F'(I) > 2log(n)/n, and the same bound applies to {1 — F,,(I)}/{1 — F(I)} since

F(I) <1/2.Hence
< bn )1/2
< .
— \logn

{F.,(I)<H(I)}, (S7)

(S8)

[an{l —Fn<f>}]”2 .
pn(l _pn)

Soon A,:

e |H() - Fu(1)
[Fu(D){1 — Fo(D}]'?
N n1/2\H(I) — F(I)| = [F(I){1 = F(I)}bn/n]"/?
- {pa(1 = pa)} {1+ (ba/ logn) /%) (89)

[H(I) - F(I)| bu \1/
- n1/2{pn(1 pn)}l/z{ - (logn)l o

SUFD) <HWDY Vg, ba iz, i
— 1/2 { = ( ) } S

2(1 + en){npn(1 —pn)} logn

by (S6). Next for sufficiently large n

Cn +

e e F,(I)
2log— > 2lo +21lo
© pn *FRO{-FO) 7 2F()
e
> 2log —4log?2
E(D{1 = Fu(1)}

— ({F(D)}? — 410g2,
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6 H. L1, A. MUNK, H. SIELING AND G. WALTHER

since F,(I) € (pn/2, 1/2) eventually. Hence

Cn = (210g 3)1/2—%21/2371

n

> ¢, + by /4 eventually,
and
2
Cy, e € \1/2
= 2log — + 2B, (log —
14+ €, 8 Pn n( & Pn )

B 3
> 2log £ + = (10g i)1/2 + =B, eventually
DPn 2 p 2

n

> & eventually.

Finally, (S8) yields {np,(1 —pn)} Y2 > [nF,(I){1 — F,(I)}]7/2{1 — (bn/logn) 1/2}
eventually. Thus (S9) gives
s H(D) ~ Bo(1)
[Fn(D{L = Fu(1)}]'/?
by, 2 1{FI) < H(I)} bn \1/2
(ot 5 s mann) (1 o) 7} 0% evenuany
e W{F,(I) < H(I)}

v

n tually,
= ({1 - F 2 Y
since
&2 b \1/2 1/2 6logn + b b \1/2
~n n mn < 21 bl/2 mn n

(log n) 1/2
= {22 4+ 6+ 0(1)}b}/2,

and because A,, and (S6) imply that F},(I) < H([) if and only if F'(I) < H(I). (S7) is proved.
To prove the second part we will consider the event

[ - Fa)
o InEM{1 - F(2
in lieu of A,,. Thenpry(B,,) — 1 uniformly in F' by Theorem 1. Now we proceed analogously
as in the proof of the first part: Suppose that there exist H, p,, € (log®(n)/n,1/2) and I with
F(I) = p,, satisfying

2

e log“n

F(I)

1/2
b b1/ for all T with <F() <

N =

{2log

n

1/2 |H(I) — pnl
{pn(1 = pn)}1/2
where ¢, = (1 + en){210g(e/pn)}1/2 as in the first part. We will show that on the event B,,,
(S10) implies, for n large enough,

e IHO R 2
[nFn ({1 — F,(1)}]1/2 " 2[nFu ({1 — Fo(I)}]1/2

> 2cp, (S10)

{F,(I) < H(I)}, (S11)
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uniformly in H and I, where ¢, = ¢{F,,(I)} + by /4 as in the first part. Hence

er{(Slo) holds for some H € C),(«),pn € <10g2 n’ %) and I with F(I) = pn}
H() - FaD)] 2
<o (0 e R ST ) < )
log?n 1

for some H € Cy (), pp € ( , 2)) +prp(B;,) eventually

= prp(BS)  onceb/?/4> k,(a) by Lemma S1 (S2b) and (S2c)
= o(1) uniformly in F,

proving the second part. As in the first part, we use x; («) instead of x,,(«) for general F'.
It remains to prove that on B,,, (S10) implies (S11): On B,, we have

21og{e/F(I) V2 + bY/> 2
logn = 1/2
g (logn)
since F'(I) > log?(n)/n, and the same bound holds for {1 — F,,(I)}/{1 — F(I)}, hence
anﬂ—ﬂﬂnr”_l
pn(l - pn)

F.(I
‘F?((I)) — 1‘ < eventually,

2

(log n) vz

<

Thus on B,

12 [HU) = Fa(1)]
[Fn(I){l - Fn(I)}]1/2

o (D) = F(D)| = [{2108(e/p)} 2 4 bl {pa(1 = pu) /m} /2
{Pn(1 = pp) }1/2{1 + 2(logn)~1/2} (S12)

nl/2 [H(I) — p B 2 B ol 12 e
B {pn(l —pn)}1/2{1 (logn)l/z} |:{21 g( /pn)} +bn

1
> cu+ 3B, by (S10),

>n

since (log e/ pn) 1/2 < (log n) 1 % As in the proof of the first part, one finds ¢, > &, + b, /4
eventually. Moreover, on 13,, we have F},(I) > F(I){1 — 2(logn)~'/2} > log?(n)/(2n), hence

=2
n 6logn + b,
< 13 tually,
nE(D{1 - F,(D}Y2 — 27llogn — eventually

and so (S12) is no smaller than
~2
c

n
[nEn(D{1 — Fu(I) /2
completing the proof. O e

cn—|—2

1{F,(I) < H(I)} eventually,

Proof of Proposition 1. Let F' have density

f@) = S1(ee 0, ) + 51 e [1,1).
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If ky, is 0dd, then the (ky, + 1)/2thbinis [1/2 — 1/(2ky),1/2 + 1/(2k,)). Denote the height of
the histogram, i.e. the slope of H,,, on that bin by h. Set

1/2 = 1/(6k,),1/2) ifh < 3/4,
1/2,1/2+1/(2k,)) ifh > 3/4.

Then p, = F(I) = 1/(4ky,) and |F(I) — Hp(I)| > 1/(8ky) = pn/2, hence

F(I) — Ha(I |
) = [F’(I)({I)—F(I()})]‘W > 5 (npa)”.

Proof of Theorem 3. By construction of C,(«) we havepr{F' € C,,(«)} > 1 — a, which also
holds true for general F', if we set k. («) as the threshold, see Lemma S2. Hence Lemma S1 (S2c¢)
gives

ro(1) forall I € j} >1-a

DN |

pr{|F(1) = 1117 Fu(1)] <
Furthermore, Lemma S1 (S2c) yields ‘E(I) - |I|71Fn(I)| <rp(l)/2 for all I € J and every
H € C,(c) whose density h is constant on 1. O

Proof of Theorem 4. Let e, € (0,1) and p,, € (27”L_110g2 n,1/ 2) be arbitrary sequences with

€n (log e/ pn)l/ ’ 500 In particular, p,, — 0. We proceed as in the proof of Theorem S1 and
will construct m, = |1/2p,, |? densities fnjx € Z,,(1 — €,) such that

/2
. 1 &
Jim B|- ;1 L — 1‘ — 0, (S13)
]7 -

where Ly;; = [}, fn;r(X;) with X; independent U (0, 1). Unfortunately, the truncation argu-
ment used in the proof of Theorem S1 will not go through as the covariances of the L, are
not small enough. Instead, we follow an idea in the proof of Theorem 3.1(a) in Diimbgen &
Spokoiny (2001) and write fy,r(x) = gnj(x)hnk(x), where for j, k =1, ... ,m}/zz

9nj(x) = Lo1)(x) — enlr,; (2) + anlp 1201, (2),

b () = L0,1)(%) + enly,, (%) — anlijo g, (%),

and ¢, = (1 - En){(l - pn)/npn}1/2{2 10g(2€/pn)}1/2, Qp = Cnpn/(1/2 _pn)’ I,; = [(.7 -
D)pn, jon)s Ik = [1/2 4+ (k — 1)pn, 1/2 + kpy,). One readily checks that f,, i, gn; and hyy, are
densities. For each pair (j, k):

) ) B 12 (9 100(2e /
Foie(Ink) = foje(Ing) = 2cn = 2(1 =€) {pn(l pn)} {21og(2e/pn)}

1/2

n Pn
> en)<[ J n J } ||
l*ﬂm'k(fnj)}ll/2 [210%{6/Fnjk(fnj)}]l/2>
|Inj| 7

_|_

[Fnjk(fnj){l -

1 —¢p)pn > pn/2, and the function

since  Fjp(Jnk) = (L +cn)pn,  Frje(Ing) = (
1). Thus fnjik S In(l — En). While Fnjk(Jnk)

g(t) = {t(1 —t)}'/2 is concave for t € (0,1)
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is larger than p,, one can easily bound it by, say, 2p,, and changing the defini-
tion of Z,(c) to this end will not affect the conclusions of the theorem. Moreover,
pn > 2log?(n)/n implies np, > 2{log(e/pn)}2 hence A = sup o1y [gnj(z) — 1[ = ¢, <
{2loa(2¢/pn)/(npn)}/* < {lo(e/pn)} ~"* < (3 logm,)~1/2, while A3 = [y (gn; —1)* =

P + (1/2 — pp)a2 < 2(1 4 2p,) (1 — €,)? log(2e/pn)/n < 2(1 — € /2) log(2e/pn)/n
since p,, < €, /4. Therefore we obtain as in the proof of Theorem S1:

1/2
lim E 1/2 Z Ly, — 1‘ = 0, (S14)
where Lg, . = [[i_ gnj(X;), and the same result holds for Ly, . Conditional on N = #{i :

X; <1/2}, 50, Lg,; and 37, Ly, are independent and the {X; : X; < 1/2} are independent
U(0,1/2), hence (S14) gives

N 3
n n
E(‘mm Z Ly, — 1‘ |N) IL(N c (Z’Z)) 50 as,

and likewise for the average of the L), , . Thus
;o

E|— 3 (Lo, = D(Zn, — 1)

(S15)
by bounded convergence, since E(| Ly, . — 1| | N) <E(Lg,, | N) + 1 = 2. Hence

mk/? 1/2
1 g |
E‘mﬁ Zk anjk — 1) =Bl - ’Ek 1{(Lgm- —1)(Ln,, — 1) + (Lg,; — 1) + (Lp,, — 1)}’
J,R= j.k=

converges to zero by (S14) and (S15), proving (S13). O

Proof of Theorem 5. For k € {0,1}, let F' € Z,,(1 + 2k:+ €n), so there exist I} < Iy for
which (9) holds with ¢ = 1 + 2k + ¢, and F(I;) > log?(n)/n, i = 1,2. It is readily checked
that these lower bounds on F'(I;) imply on the event

(1 |Fu(I;) = F(I)]
A= {0 R O = FaTE S 5 2E F

it holds, for large n enough,

(I){1 — F(I)}1"* [2log{e/F(I)}V/? _ 1
(I+ 6)[ " ] 7 Z 3

W2 fori=1 2}

ro (L) 1=1,2, (S16)

150
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where 7, (I) is defined in Theorem 3. For general F', we replace ry, () by &, ().
Let H € C,(«) with h being constant on I; and I3, and suppose

B(I) = h(1) > —k{ra(h) +ra(D)} (S17)
holds. Then on A,,:
H(L) — Fa(L,)  F(ls) — H(I)
|11 | Lo
€ _ 1/2 o e 1/2
> (1) — h(I) + F(I) — () — ”Z[F {1 P )}} [2logte/ P}

2 i=1 |IZ|

12 [2log{e/F(I;)}]'/?
||

2
> —k{rn(h) + ra(I2)} + (1 + 2k + = Z[ {1_ H}}
=1

by (S17) and (9)
1
> 5{7"”([1) +7,(I2)} eventually by (S16),

which gives the contradiction h ¢ C’n (o) by Lemma S1 (S2c¢). Therefore (S17) can only hold on

wo AS. As in the proof of Theorem 2 we assumed J = { all real intervals } and refer to Rivera &

Walther (2013) for the technical work that can be used to show that the conclusion also obtains
with the approximating set used in §2.

If i is nonincreasing on conv(I; U I3), then (S17) holds with £ = 0 and so for ' € Z,,(1 +

€n):
pr F{there exists H € Cy, () whose density is constant on I
and 5 and nonincreasing on conv(/; U I 2)}
8
< A< ——-——— =0 iformly in F',
<prp(A7) < 2 Tog(e/pn) uniformly in
s by Chebychev’s inequality, proving the first part. The second part follows analogously since (8)
together with f (/) < f(I;) implies that (S17) holds with k = 1. O

Proof of Theorem 6. 1t follows immediately from Proposition S1 below and the fact that
kin () < {21og(C/a)}/? for some constant C, see Rivera & Walther (2013). O

PROPOSITION S1. Under the same notation as Theorem 6, it controls overestimating the num-
o ber of bins uniformly over all F’s

er{Nbin(H) > Nbin(F)} < aq;

and it controls underestimating the number of bins, for n > 16logn/(A\8),

1 A 125, \?
4 ; < —=nA%6? oL iy
er{me(H) < me(F)} <4K [2exp( 28n)\ 0 ) +exp{ 7277)\ (2 )\nl/2>+}] )

with 6, = {2log (256¢)/(\262)}1/? + kn(a); Moreover, it controls the number of modes and
troughs, for n. > 32logn/(\), with &,, = {21log (1024€)(A\262)}1/? + k()
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prp (h and f have the same number of modes and troughs)

<\ 2
1 1 A 24
>1—a—12K |2exp (—n)\292> +exp{ ———nA? < — n )

512 288" | 2 T iz

Remark S2. Note that the assertions in Proposition S1 also hold for sequences of f = f,, with
0=0, =M\, A=A, K=K,,and a = ay,.

Proof of Proposition S1. For the first part, by the definition of the essential histogram in (5),
we have

er{Nbin(H) < Nbin(F)} Zer{F € C’n(a)} >1—aq.

For the second and the third parts, we use arguments similar to Frick et al. (2014, Theorem 7.10),
but with notable differences due to the use of the reduced system 7. We will frequently use the
following inequality, which comes as an application of the Hoeffding’s inequality,

er{yF(I) —F,(I)] > x} < 2exp(—2nz?). (S18)

The detail is as follows: For the second part, let my, be the mid-point of Iy, I,, = I}, N (—o0, my],
and I,” = Ij, N (my,, 00). For a fixed k, we have

prp (h is constant on (my_1, mk]>

Ck—1+¢C
=prp (h =c> % on (my_1,my| for some constant c)
Ck—1 t¢
+prp (h =c< % on (myg_1, my| for some constant c)

§er{VL(I) —- f(D)] = %, h is constant on [ = Il;tl}

+er{‘E(I) - f(I)‘ > %, h is constant on [ = ka}

By symmetry we only need to consider the first term in the r.h.s. of the above equation, where
I = I |. By the construction of J in (4), it holds that for any I with F,,(I) > 6log(n)/n there
is aninterval J C I and J € J such that F},(J) > F,(I)/3. Conditioned on |F,,(I) — F(I)| <
A0/16 and |F,,(J) — F(J)| < A8/16, we have for n > 16logn/(\0)

1 1 1 1 1 1
F(J) > F,(J) - T6>\Q > an(I) - T6AQ 2 §F(I) - E)\Q > éF(I)a
which implies |J| > |I| /6 > A/12. Thus, for n > 16logn/(\0)
- - A
er{‘h(I) - f()| = X h is constant on [ = I,j_l}
1 1
<prp{|Fa(D) = F(I)| = 700} +prp{|Fu(J) = F(J)| = 7200}

_ _ A 1 1
+er{‘h(J) —f()| = > h is constant on J, |J| > E)\’ |Fn(J) — F(J)| < —)\9}

1 1
<2exp (—12871/\202> + 2exp <—128n/\202)
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_ _ A 1 1
—i—er{UL(J) - f()| = 5 h is constant on J, |J| > E)\, |Fn(J) — F(J)| < —)\Q}
by (S18)

. . A 126,
<4exp <—128n)\292> +er{ \h(J) = f(J)| > B )\nl/z} by Lemma S1 (S2a)

1 1 (A 125, \?
<4exp <128n)\9>+2texp{ 7 nA (2)\n1/2 N by (S18).

The same bound holds forpr{|(I) — f(I)| > A/2, his constant on I = I, } due to symme-
try. Therefore, we have for n > 16logn /(@)

er{me(H) < Nbin(F)} ger{h is constant on (my_1,my] for some k:}

1 o C1on (A 12, 2

For the third part, we further divide [ ,j into two subintervals 1 ,j Land I ,j o of equal lengths, and
I, into I;_, and I, , of equal lengths. For any fixed , it holds that

prp (h has exactly one jump, but has a different trend from f on (m_1, mk]>

ger{\E(I) — F(n)] > %, and h is constant on I = 71}
+er{\B(I) —f(n] > %, and h is constant on [ = I 72}
+er{]}€(1) ~f(n] > %, and h is constanton [ = [ 71}
+er{\B(I) — f()] = % and h is constant on I = I ,2}

Each term above can be bounded in a similar way as in the second part, which leads to

prp (h has exactly one jump, but has a different trend from f on (my_1, mk]>

N
1 1 A 246, 21
< 16exp <—512n)\292> + 8exp{ ———n\? ( _ 2o > forn > 5 )\c;gn.
+

288 2 Anl/? 0
It follows from (i) and (ii) that for for n > 16 logn/(A0)
prp (h has exactly one jump in each (my_1, mk]> >1l—-«

1 A 126, 2
o 202 2 (= n
4K [2exp< 12871)\ oA ) —i—exp{ — nA (2 )\nl/2>+}] .

Thus, for n > 32logn/(A\§)

prp (h and f have the same number of modes and troughs)

>pry (h has exactly one jump, and has the same trend as f, on each (my_1, mk]>
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N

1 90 1 oA 246,
>1—o — _— [ — —
>1l—a—-12K 2exp< 512n)\9>+exp 288n)\ (2 /2

_l’_

Proof of Theorem S1. Using the probability integral transformation we may as-
sume F =U[0,1]. For j=1,...,my=|1/p,] define the densities fp;(z)=
(I+en)lr,; (z) + (1 = an)Lpapy,, (%), where I; = [(7 = Dpn, jpn)s an = capn/(1 = pp)
and ¢, = {(1 = pa)/mpn}'*(1 — en){2l0g(e/pn)}' /2. Then  dp, (F, Fnj) = |Foj(Ing) —
F(Ij)[{pn(1 — pn)} Y% = (1 — €,){21og(e/p,) /n}'/2. The claim of the theorem will follow
as in the proof of Theorem 4.1(b) in Diimbgen & Walther (2008) once we show that

1
lim Ep|— Ln-—l‘: , S1
im an; i 0 (S19)

n—oo

where L,,; = [[;—; fn;(X;). Since the sets { f,,; # 1} are not disjoint, Lemma 7.4 of Diimbgen
& Walther (2008) is not applicable to prove (S19) and we have to account for the covari-

ances of the L,;. For i # j we obtain fol fri (@) frj(@)dz =1 — {pnea/(1 —pn)}2, hence
n

Ep(LniLn;) = [1 — {pncn/(l —pn)}z} < 1. UsingErLy; = 1 and Holder’s inequality gives

for any € > 0

1 =
Ep|—Y Ly, - 1‘
my =

225

230

235

< varF{m—n Z;Lnjn(Lnj <ema)}f|  + - z;EF{Lnjn(Lnj > emy) )}
L j= j=
_ 1/2
1 ) 1
< m—EF{LmIL(Lnl < emn) |+ — >~ cov{ Luil(Lni < emp), Luj1(Log < ema) }
n o<
+ 2Ep{Ln11(Lyp1 > emy,)}
1 971/2
< miEF(eannl) +EpLp1Lpy — {EFLnl]]-(Lnl < Emn)} :| + ZEF{LTL].:H-(LTL]. > Emn)}
L/in
- 971/2
< le+1-— {1—EFLn1]l(Ln1 >€mn)} :| +2EF{Ln1]1(Ln1 >emn)}.

Thus (S19) follows by showing
lim Ep{Ln11(Ly1 > emy)} = 0. (S20)
n—0o0

To this end, observe that p,, > log®n /n implies np,, > (loge/py)?, hence

B sp Ufy(e) 1] =y < {2V L2 AT (2

x€[0,1] nPn e/Pn logmy,

240
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Further, A2 = fol{fnj(ac) —1}2dx = ppc + (1 — pp)a2 = 2(1 — €,)? log(e/pn) /n, hence

(logmn)l/2 (1 W) (logmn)1/2{1 - (1- en)w}

_2logmn - 10gU/an
/ 3
> (logma) {1 - (1 - e)(1 - 20

= (logmy)en{1+ 0(1)} + 0(1) — oo,

by the assumption on €. It is shown in the proof of Lemma 7.4 in Diimbgen & Walther (2008)
that (S20) follows from these properties of A, and A%. O

S3. COMPUTATIONAL DETAILS
S3.1.  Computation of the threshold k()

Let F' be an arbitrary distribution function, i.e., right continuous with limits from left. We de-
fine its standard left continuous inverse as F'~!(t) = inf{x : F(z) > t}.Let Z1, ..., Z, be inde-
pendent and identically distributed uniform random variables on [0, 1], and denote their common
distribution function by U. Note that X; = F~!(Z;) are independent, and identically distributed
according to F'. By U,, and F;, we denote the empirical distribution functions of 71, ..., Z, and
X1, ..., Xy, respectively. For an interval I = (j, k|, we define Z; = (Z;), Z1,] and similarly
X1 = (X, X(k)]. Then, T}, in (3) can be written as

Tn = Iejomm?%xb)([ZIOgLRn{F(XI)’Fn(XI)HI/Q —E{Fn(XI)}>

where D = {i : X(;)y # X(;41)} as in (4), and [y is a collection of intervals

lmaz

Jo = U Jo(l), where lpg = L10g2 &J and
1=2

To() = { (K] : juk € {1+ idy, i € No} andmy < ki — j < 2my

—1 m
where m; = n2"", d; = {&1}2]

In the case that F' is continuous, it holds that F'(X;) = U(Zy) and F,,(X;) = U, (Zy) for any
I = (j, k]. Then T;, can be further written as

T = max([2logLR,, {U(Z1). Un(ZD) ]2 = {U(Z1)}). (s21)
and is thus independent of F'. This makes it possible to estimate the distribution, as well as the
quantile ., (), of T}, via Monte Carlo simulations.

Consider now that F is a general distribution function. For I = (j, k] € Jo N (D x D), it still
holds that F,(X1) = U,(Z;) = (k — j)/n, but F(X ) = U(Z1) may no longer be valid. How-
ever, it is possible to find a universal distribution which stochastically dominates the distribution
of T,,. More precisely, we introduce the notation I = (j,k + 1] and I_ = (5 + 1, k|, for any
I = (j, k], and define

% 1/2
T = 5%’?%{ (Qmax[logLRn{U(ZI+),Un(ZI)},logLRn{U(ZL),Un(ZI)}])
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—((Ua(2D) }, (522)
and 7 («) as its (1 — «)-quantile, which can be determined by Monte Carlo simulations.

LEMMA S2. It holds that k., () < K (a) and sup,, k() < oo, for every o € (0, 1).

Proof. We claim that i € D implies Z(;y < F'(X(;)) < Z(;41). In fact, since F{F71(t)} >t
for all t, we have Z(;) < F{F~Y(Z;)} = F(X;)). If F(X(;)) > Z(;+1), then, by the definition
of F~1, we have X = F*I(Z(Hl)) = X(i+1), which contradicts with i € D. Thus, F((X(;)) <
Z(it1)-

For an arbitrary interval I = (j, k] € Jo N (D x D), it then holds that

U(Zr.) = Zuy — Z(j+) < F(X1) = F(X()) — F(X(5)) < Ztgr) — 25y = U(Z1,).
As logLR, {z, F,,(X7)} is decreasing for x < F,,(X7) and increasing for x > F,,(X7), we have
logLR, {F(X), Fu(X1)} < max [logLR, {U(Z1, ), Un(Z1)}, ogLR, {U(Z1 ), Un(Z1)}] -

This proves the first part, i.e., £, () < K ().
The second part, namely <} («) = O(1), can be proven in a similar way as Rivera & Walther
(2013, Theorem 1), by noticing that |Uy,(Zr, ) — Un(Z1)| = |Un(Z1_) — Un(Z1)| = 1/n. O

~

(b)

00 02 04 06 08 1.07%

10 1 2 3 a4 10 1 2 3 a4 00 02 04 06 08 10

~
~
(¢]
~
~
3

0.0 0.2 04 0.6 0;8 1.0

o
= _
10 1 2 3 4 10 1 2 3 4 00 02 04 06 08 10

Fig. S1: The (a) distribution function, (b) density and (c) quantile function of 7}, in (S21), equivalently, 75, in (3)
under any continuous F’; and the (d) distribution function, (e) density and (f) quantile function of T}; in (S22); for
sample size n = 10° in dotted, n = 10" in dot-dash, n = 5 x 10* in dashed and n = 10° in solid. For each sample
size n, the distribution function, density, and quantile function are estimated over 10° random repetitions.

Lemma S2 ensures that all the theoretical results about the confidence set C),(«) and the
essential histogram remain valid if we use  («) in place of x,, () as the threshold in (1), cf. §S2.
Therefore, in practice, we choose k; («) as the threshold whenever there are tied observations;
otherwise we treat F' as continuous, and use ,(«), determined by setting F' as uniform, as
the threshold. This is also the default choice in our R-pakcage essHist. As mentioned, ()
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Fig. S2: Quantiles: (a) xn () of T5 in (S21), equivalently, T, in (3) under any continuous F’; (b) x;,(c) of Tp
in (S22); for « = 0.1 in solid, & = 0.3 in dashed and « = 0.5 in dotted. For each sample size n, the quantiles are
estimated over 10° random repetitions.

and x} () are estimated via Monte-Carlo simulations, which are needed only once for a given
sample size, which are automatically recorded for later usage in our R-package essHist, while the
computation time could be much longer than the pruned dynamic program in Algorithm 1 (see
§S3.2) for large sample sizes, say n > 10, 000. By simulation, we observe that the distributions
of T}, and T’ seem to converge to a limit, and that such a convergence is fairly good when
n > 10,000, see Figs. S1 and S2. This is theoretically underpinned by the tightness of 7}, and
T, see Rivera & Walther (2013, Proposition 1) and Lemma S2. For the sake of computational
speed, we use the values of k,(a) and &) (a) with n = 10,000 as default values for sample
sizes n > 10, 000 in our R-package essHist. Through extensive simulation studies, we find that
the performance of the essential histogram is hardly affected by such a default rule, while the
computation gets a significant speedup.

S3.2.  Dynamic programming

Now we consider the computation of the relaxed essential histogram defined in (5). As argued
in §3.2, it can be computed by an accelerated dynamic programming algorithm. The idea of
designing such an algorithm follows from Frick et al. (2014), but the constraint that the solution
should be a histogram introduces an additional difficulty.

For notation simplicity, we consider the case that there are no ties in the data, otherwise it
is sufficient to treat only distinct observations as the candidate locations of breakpoints, and the
computation complexity will essentially depend on the number of distinct samples. Since the data
can be sorted in O(n logn) computation time, we simply assume X; = X @), fori=1,...,n.
For every interval I in J, defined in (4), the corresponding local constraint in C’n(a) in (6) leads
to simply an interval, namely,

trur) = {p | [210LR, e 11, Fu(1)}] ™ — B (D)} < (e}

Here /; and uy are roots of a smooth nonlinear equation, which can be computed in O(1) time
by standard algorithms, such as quasi-Newton methods (see e.g. Nocedal & Wright, 2006). For
ease of exposition, we introduce the notation, forevery I € J and p € R

([2108LR, {12171 Fu(1)}] vE HED)Y).

(S23)

CZ;17]'(1L) = SllI)

JCI,Jeg
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We consider the multiscale constraint and entropy minimization, which is needed in case of
multiple solutions, simultaneously, and thus define, for j < ¢

Cja = { (i = j)log AXo-Xgp T”’(XU)’XU)]{"(Xu)—X(j))} < #in(a)

otherwise

Let K[i] be the number of blocks of the essential histogram h; being applied to restricted data
Xy, -+, X(), and L[i] be the index of the leftmost sample in the last block of /;. Then it holds s

K[0] = —1,

Kli] = min {K[j] + 1| ¢j;) <00,j =0,...,0i—1}; (S24)

L[0] =1,

Lli] = argmin {cga | K] +1=KI[i]}. (S25)
§=0,....i—

The above relation is often referred to as Bellman equation (Bellman, 2010), which is the crucial
part of a dynamic programing algorithm. Note that the histogram is completely determined by
the segmentation, i.e. breakpoints. Thus, the essential histogram can be easily determined from
vector L = {L[1],..., L[n]} in O(K[n]), less than O(n), computation time. Now we are ready
to present the whole algorithm for computing the essential histogram in Algorithm 1. 305

Algorithm 1. Pruned dynamic algorithm for the essential histogram
Data: X(l), - ,X(n)
Result: the essential histogram
1 k=1u=o00,l=—00,A)={0}, B={1,...,n}, and K, L vectors of length n;
2 while i € Band B # () do

3 | w=min[u,min{u; | I € J,max] = i}] with u; defined in (S23);
4 | l=max[v,max{l; | I € J,maxI = i}| with ; defined in (S23);
5 Compute K [i] and L[i] by (S24) and (S25) over A;_1;

6 if [ > u then

7 A ={i: K[i] =k},and B =B\ Ag;

8 u=o00,l=—-o0,and k =k +1;

9 end
10 end

11 Compute the histogram from L;

Unlike standard dynamic programs, Algorithm 1 incorporates two important pruning steps:
One is in line 5, where the search space is Ay _1 instead of {0, ..., 7 — 1}; The other is in line 6,
which prohibits further search towards right if no constant signal is admitted to the multiscale
constraint, that is, no further right beyond X, ) with

= {z | T x0) (1) < (@) forsome i € Ay and € R}. (S26)

Further pruning is possible, for instance, by introducing a similar stopping rule as 7, in (5S26) on s
the reverse order of the data { X (n)s-- s X (1)} (see Pein et al., 2017). We refer to our R-package
essHist for further technical details.
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The computation complexity of Algorithm 1 is bounded from above by

K[n]
O{logn ; # A1 (rr, — min Ak_1)} < O{nlognk:{?&f}é[n](rk - minAk_l)}

In particular, if K[n] = 1, it implies that the computation complexity is O(nlogn). In most
cases, maxy_i . gn](rx — min.Ay_1) stays bounded, which thus leads to a nearly linear com-
putation complexity O(nlogn). However, in very rare cases, maxy_y, . g[n) (7% — min.Ag_1)
can be of order n, which gives the worst case complexity O(n?logn). Clearly, the memory
complexity of Algorithm 1 is always linear, i.e., O(n).

Furthermore, we point out that Algorithm 1 applies to the multiscale constraint with arbitrary
system of intervals besides 7.

S4. ADDITIONAL SIMULATION RESULTS

This section collects all quantitative comparison results for the essential histogram, the Davies
& Kovac estimator, and the classical histograms, being a companion of §6.1.

While density estimation is not the primary purpose of the essential histogram, we now con-
sider estimation errors measured by L2-loss, and Kolmogorov loss. The former gives the mean
integrated squared error, namely,

A 2 A
E {/ ‘f(x) - (x)’ dw} for true density f and its estimator f;

The latter leads to

x
E sup / {ft)— f (t)}dtl for true density f and its estimator f.
T —00
In practice, the expectations are approximated by averages over independent repetitions.

From data exploration and shape recovery perspective, we introduce evaluation measures via
numbers of modes/troughs, and skewness. For a histogram density h = Ef:o crly, with ¢ #
Ck41, we define the number of modes, i.e. maxima, as #{k : ¢, > max(cg—_1,ck41)} and the
number of troughs, i.e. minima, as #{k : ¢y < min(cg_1,cg+1)}. The number of extrema is
then defined as the total number of modes and troughs. Note that the number of modes and
troughs also capture the number of increases and decreases. From a slightly different viewpoint,
the difference between the skewness of the estimator and that of the truth reflects how well the
shape of the truth is recovered by the estimator.

Table S1 is for the uniform density example; Table S2 for the monotone density example;
Tables S3 and S4 for the histogram density example; Tables S5, S6 and S7 for the claw density
example; Tables S8, S9, S10 and S11 for the harp density example; and Tables S12 and S13 for
the heavy tail example, in §6.1. Within each table, the best value along each column, i.e. among
different methods, is marked in bold.
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Table S1: Number of modes, i.e. false positives, on the uniform density, in Fig. 3, averaged over 500 repetitions

Methods
a=0.1
a=0.2
o a=0.3
Essential histogram o =05
a=0.7
a=20.9

Davies & Kovac

Sturges’ rule
Scott’s rule
Equal block area Scott’s rule

Equal bin width

n = 100
0.000
0.004
0.006
0.030
0.108
0.424
0.332
5.126
1.938
2.060

Number of observations

n = 300
0.002
0.006
0.010
0.046
0.148
0.442
0.052
5.220
3.344
3.378

n = 500
0.000
0.004
0.016
0.054
0.162
0.518
0.244
5.194
3914
4.062

n = 700
0.000
0.006
0.012
0.048
0.188
0.548
0.062
5.148
4.798
4.732

n = 900
0.000
0.008
0.016
0.072
0.178
0.560
0.038
5.262
5.300
5.326

Table S2: Number of modes, i.e. false positives, on the exponential density, in Fig. 4, averaged over 500 repetitions

Methods
a=0.1
a=0.2
o a=0.3
Essential histogram a=05
a=0.7
a=0.9

Davies & Kovac

Sturges’ rule
Scott’s rule
Equal block area Scott’s rule

Equal bin width

n = 100
0.000
0.006
0.006
0.014
0.034
0.100
0.048
0.650
0.328
1.158

Number of observations

n = 300
0.000
0.000
0.002
0.012
0.034
0.066
0.000
0.610
0.942
2472

n = 500
0.000
0.000
0.000
0.006
0.028
0.074
0.022
0.534
1.406
3.348

n = 700
0.000
0.000
0.000
0.008
0.018
0.064
0.004
0.610
1.674
4.044

n = 900
0.000
0.004
0.006
0.012
0.028
0.076
0.010
0.566
2.074
4.580

Table S3: Frequency of detecting the correct number of extrema on the histogram density, in Fig. 5, in 500 repetitions

Methods
a=0.1
a=0.2

s a=0.3
Essential histogram o =05
a=0.7

a=0.9

Davies & Kovac

Sturges’ rule
Scott’s rule
Equal block area Scott’s rule

Equal bin width

n = 600
95.6 %
95.2%
94.4%
89.4%
83.0%
64.6%
50.2%
33.6%
30.8%
36.0%

Number of observations

n =700
98.0%
97.6%
95.2%
90.4%
80.8%
64.8%
51.8%
36.6%
28.6%
42.2%

n = 800
99.2%
97.6%
95.0%
88.6 %
79.8%
68.6%
50.4%
31.6%
32.2%
44.2%

n = 900
98.8%
96.4%
94.8%
89.0%
81.0%
67.2%
48.2%
29.0%
29.8%
44.8%

n = 1000
98.4%
96.6%
93.2%
88.6%
78.6%
60.8%
46.2%
34.0%
28.0%
43.6%
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Table S4: Number of false bins, i.e., max{Noin(F) — Nosn(F),0}, on the histogram density, in Fig. 5, averaged
over 500 repetitions

Number of observations

Methods n=600 n=700 n=800 n=900 n=1000

a=0.1 0.02 0.03 0.02 0.02 0.04

a=0.2 0.06 0.07 0.06 0.08 0.08

Essential histogram a=0.3 0.11 0.10 0.11 0.13 0.14
a=0.5 0.23 0.23 0.23 0.29 0.28

a=0.7 0.40 0.47 0.45 0.49 0.53

a=0.9 0.88 0.90 0.85 0.99 1.10

Davies & Kovac 7.23 6.89 7.58 7.75 8.73
L Sturges’ rule 2.81 2.79 2.83 2.80 2.82

Equal bin width Scott’s rule 0.90 0.83 0.23 0.23 0.62
Equal block area Scott’s rule 1.00 1.13 2.00 2.00 2.15

Table S5: Number of modes on the claw density, in Fig. 6, averaged over 500 repetitions; The truth has 5 modes

Number of observations

Methods n=1000 n=1200 n=1500 n=2000 n = 3000

a=0.1 1.58 1.85 2.46 3.24 4.74

a=02 1.92 235 2.99 374 4.9

Essential histogram  © = 03 2.19 2.68 3.34 4.13 4.96
a=05 2.65 3.19 391 4.6 4.99

a=07 3.16 372 4.38 4.82 5.00

a=0.9 3.84 4.39 4.75 4.96 5.00

Davies & Kovac 4.99 5.00 5.00 501 501
. Sturges’ rule 1.23 1.24 1.19 1.11 1.08

Equal bin width Scott’s rule 4.39 4.86 5.58 6.23 6.84
Equal block area Scott’s rule 5.07 5.08 5.15 5.24 5.50

Table S6: Average number of bins, with standard deviation given in the parenthesis, on the claw density, in Fig. 6,
over 500 repetitions

Number of observations

Methods n=1000 n=1200 n=1500 n=2000 n = 3000
a=0.1 71(1.1)  84(L.1) 98(l.1) 11.2(09) 13.3(0.8)
=02 8.1(1.2)  93(L.1) 106(1.0) 11.9(0.8) 13.9(0.8)

o a=03 87(12)  99(L.1) 112(1.0) 124(0.8) 142 (0.7)
Essential histogram ) 5 98(1.2) 108(1.1) 12.0(0.9) 13.1(0.8) 14.7(0.7)
=07 107(1.1)  11.7(1.0)  127(0.9) 13.7(0.8) 15.1(0.7)

=09 11.9(1.0) 12.8(1.0) 13.6(0.9) 146(0.9) 15.8(0.9)

Davies & Kovac 48.6(49) 525(5.6) 57.8(59) 67.7(59) 79.1(6.6)

Sturges’ rule  12.5(0.8) 12.8(0.8) 13.1(0.8) 13.5(0.9) 14.0(0.8)
Scot’srule  19.3(1.2) 20.8(1.2) 229(1.3) 25.6(1.3) 30.1(1.4)
Equal block area Scott’srtule  20.5(1.7) 22.1(1.7) 243(1.8) 27.4(20) 324(23)

Equal bin width

SHORACK, G. R. & WELLNER, J. A. (1986). Empirical processes with applications to statistics. John Wiley &
Sons, Inc., New York.
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Table S7: Skewness of the histograms on the claw density, in Fig. 6, averaged over 500 repetitions; The skewness of
the truth is 0

Number of observations

Methods n=1000 n=1200 n=1500 n=2000 n = 3000
a=01 0.010 0.002 0.010 0.007 0.009
a=0.2 0.012 0.007 0.009 0.006 0.010
Essential histogram = 03 0.016 0.005 0.007 0.005 0.010
a=05 0.018 0.002 0.006 0.006 0.009
=07 0.017 0.002 0.008 0.007 0.010
a=0.9 0.019 0.005 0.007 0.005 0.010
Davies & Kovac 0.057 0.043 0.039 0.038 0.035
Equal bin widh Sturges’ rule  0.076 0.056 0.060 0.053 0.050
Scott’s rule 0.063 0.049 0.049 0.039 0.040
Equal block area Scott’s rule 0.032 0.001 0.004 0.008 0.014

Table S8: Frequency of detecting the correct number of extrema on the harp density, in Fig. 8, in 500 repetitions

Number of observations

Methods n=600 n=800 n=1000 n=1200 n=1500
a=0.1 14.6% 64.4% 93.4% 98.8% 100%
a=0.2 35.6% 80.0% 96.6% 99.4% 100%
Essential histogram a=0.3 49.6% 88.6% 97.4% 99.8 % 100%
a=0.5 69.6% 95.2% 97.8% 99.8 % 100%
a=0.7 82.6% 97.4% 99.4% 99.8% 100%
a=0.9 93.0% 98.4% 99.6% 99.8 % 100%
Davies & Kovac 99.8 % 99.6 % 99.8 % 99.8 % 100%
Equal bin width Sturges’ rule 0.6% 0.0% 0.0% 2.0% 1.4%
Scott’s rule 0.0% 0.0% 0.0% 0.0% 0.0%
Equal block area Scott’s rule 1.0% 24.2% 81.0% 98.8% 100%

Table S9: Mean integrated squared error x 10° on the harp density, in Fig. 8, averaged over 500 repetitions

Number of observations

Methods n=600 n=800 n=1000 n=1200 n=1500

a=0.1 3.9 2.8 2.4 2.2 1.9

a=02 3.4 2.6 2.3 2.0 1.8

Essential histogram  © = 03 3.2 25 2.2 1.9 1.7
a=05 2.9 2.4 2.1 1.8 1.6

a=0.7 2.7 2.3 2.0 1.7 1.4

a=09 2.6 2.2 1.9 1.6 13

Davies & Kovac 1.5 0.8 0.6 0.4 0.3
L Sturges’ rule 61.9 63.1 63.7 55.8 57.3

Equal bin width Scott’s rule 35.0 31.7 30.1 31.0 36.0

Equal block area Scott’s rule 20.4 15.6 9.8 8.5 7.7
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Table S10: Error measured by Kolmogorov metric on the harp density, in Fig. 8, averaged over 500 repetitions

Number of observations

Methods n=600 n=80 n=1000 n=1200 n = 1500

a=0.1 0.05 0.04 0.03 0.03 0.03

a=02 0.05 0.04 0.03 0.03 0.03

Essential histogram~ © = 03 0.05 0.04 0.03 0.03 0.03
a=05 0.04 0.04 0.03 0.03 0.03

a=07 0.04 0.04 0.03 0.03 0.03

a=0.9 0.04 0.04 0.03 0.03 0.03

Davies & Kovac 0.05 0.05 0.05 0.04 0.04
. Sturges’ rule 0.18 0.18 0.18 0.15 0.16

Equal bin width Scott’s rule 0.09 0.09 0.08 0.08 0.08
Equal block area Scott’s rule 0.06 0.06 0.05 0.05 0.04

Table S11: Skewness of the histograms on the claw density, in Fig. 8, averaged over 500 repetitions; The skewness
of the truth is 0.9

Number of observations

Methods n=600 n=80 n=1000 n=1200 n = 1500

a=0.1 0.94 0.92 0.91 0.91 0.91

a=02 0.93 0.91 0.91 0.91 0.91

Essential histogram  © = 03 0.92 0.91 0.91 0.91 0.91
a=05 0.91 0.91 0.91 0.91 0.90

a=07 0.91 0.91 0.91 0.90 0.90

a=09 0.90 0.91 0.90 0.90 0.90

Davies & Kovac 0.60 0.65 0.69 0.72 0.75
. Sturges’ rule 1.08 1.10 1.12 1.09 1.10

Equal bin width Scott’s rule 0.83 0.85 0.86 0.87 0.90
Equal block area Scott’s rule 0.98 0.94 0.93 0.96 0.98

Table S12: Frequency of detecting the correct number of extrema on the Cauchy density, in Fig. 9, in 500 repetitions

Number of observations

Methods n=100 n=200 n=300 n=400 n=>500
a=0.1 100%  100% 100% 100%  100%
a=02 100%  100% 100% 100%  100%

Essential histogram = 03 100%  100% 100% 100% 100%
a=05 100%  100% 100%  998%  100%
a=07 100%  100%  998%  998%  100%
a=09 996%  99.6%  99.0%  99.4%  99.4%

Davies & Kovac 100%  100% 100% 100%  100%

Equal bin width Sturges’ rule  76.6%  72.8%  760%  140%  74.0%
Scot’srule  35.6%  25.6%  21.0%  152%  154%

Equal block area Scott’s rule 5.4% 0.0% 0.0% 0.0% 0.0%
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Table S13: Average number of bins, with standard deviation given in the parenthesis, on the Cauchy density, in Fig. 9,

over 500 repetitions

Methods

Essential histogram

Davies & Kovac
Equal bin width
Equal block area

a=0.1
a=0.2
a=0.3
a=0.5
a=0.7
a=20.9

Sturges’ rule
Scott’s rule
Scott’s rule

n =100
4.3 (0.58)
4.5 (0.56)
4.7 (0.53)
4.9 (0.54)
5.2(0.54)
5.6 (0.66)
14.7 (2.59)
4.4 (1.26)
6.0 (2.13)
14.2 (1.79)

Number of observations

n = 200
5.3 (0.53)
5.6 (0.61)
5.8 (0.61)
6.1 (0.63)
6.5 (0.66)
7.1 (0.74)
22.8 (3.27)
4.6 (1.47)
7.7(2.91)
24.7 (3.44)

n = 300
6.1 (0.59)
6.4 (0.57)
6.6 (0.56)
6.9 (0.51)
7.2 (0.58)
7.7 (0.70)
28.2 (3.60)
4.7 (1.50)
8.9 (3.60)
34.6 (4.75)

n = 400
6.9 (0.47)
7.2 (0.52)
7.4 (0.58)
7.8 (0.68)
8.3 (0.71)
9.0 (0.79)
33.3(3.85)
4.7 (1.48)
10.0 (4.06)
44.1 (6.22)

n = 500
7.3 (0.51)
7.7 (0.59)
7.9 (0.63)
8.4 (0.66)
8.8 (0.68)
9.4 (0.80)
37.5 (4.14)
4.7 (1.48)
10.8 (4.30)
53.0(7.35)



